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Abstract: Modern wing designs exhibit a significant increase in wing flexibility through slen-
derer wings in combination with an extensive lightweight structural design. Especially wing
flutter becomes increasingly important with higher elasticity. In addition, wings with increased
elasticity show a significantly higher deflection between jig- and flight-shape. For this purpose,
the effects of changes in stiffness, mass matrix and different lift distributions between jig and 1g
trimmed cruise condition are analyzed with regard to the flutter prediction according to the p-k
method. The structural and aerodynamic effects are exemplary compared using a generic com-
posite higher aspect ratio swept wing, where the most significant influence could be identified
by the simple geometrical change from jig- to flight-shape.

1 INTRODUCTION

The development of innovative aircraft that are more environment-friendly, safer and cheaper
are essential objectives of aerospace research. The continuous improvement of the efficiency
can be done by modifications such as the use of new materials, optimisations in aerodynamics
and structural design [1]. Small modifications are ensuring lower development cost as well
as risk minimisations, compared to a complete new system. On the other hand, the scope for
improvement is limited for small changes.

The development of wings with higher aspect ratios for transport aircraft has the potential to
reduce induced drag and thus increase aircraft operational efficiency. Therefore in different
works, such as e.g. [2] [3], the accurate prediction and suppression of flutter is investigated. The
increased aspect ratio leads to a small wing chord. Thus the wings are more slender and exhibit
a significant increase in wing flexibility, which is further enhanced by an extensive lightweight
structural design.

Increasing wing flexibility inherently leads to more aeroelastic effects, for which accurate meth-
ods of prediction are essential throughout the development process. In Palacios et al. [4] the
most important effects on highly flexible wings are discussed, especially the influence of geo-
metric nonlinearities due to large deformations. Usually, the structural engineers are working
with the wings jig-shape, as this represents the unloaded reference condition. To optimize the
wings aerodynamics, aerodynamic engineers typically work with the wings flight-shape. Thus,
creating a consistent aeroelastic model requires adapting one model to the other. Since the pre-
designed aerodynamic flight-shape is typically a target design depending on the flexibility of
the wing, it is more reasonable to proceed from a coupled aeroelastic model in jig-shape, as e.g.
presented in [5].
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To describe the structural dynamics, it is convenient to transform stiffness and mass matrix,
based on the jig-shape wing structure, into modal coordinates. Compared to stationary cruise
flight, the changes in aerodynamic loads caused by wing bending and torsion are not taken into
account. In addition, pre-stressed structures show a natural change in their dynamic behavior,
due to changes in the stiffness matrix. These modifications are caused by simple geometric
changes due to large deformation and stress-stiffening effects caused by the internal structural
load. Consequently, as described in [4] [6] an update is required depending on the pre-loaded
wing shape. In this study those influences on the calculation of the critical flutter pressure based
on the p-k method are investigated.

2 THEORY AND COMPUTATIONAL METHODS

The starting point of this work is the continuum mechanical description for the fluid and the
structural field. Both are considered separately from each other and solvers optimized for each
individual problem are used. Therefore, a staggered coupling approach is selected for the fluid-
structure-interaction simulation [7].

The structure is described in the Lagrange formulation according to Equation 1 [8]. In this
context, ¯̄S is the 2nd Piola-Kirchhoff stress tensor, ¯̄F the deformation gradient, b̄ the volume
force vector, ρ the material density and ū the structural displacement field. To solve the differ-
ential equation for the displacement ū, the Finite Element Method (FEM) is used as calculation
method, which can generally be rewritten in matrix notation as a system of linear equations
according to Equation 2,

div( ¯̄F · ¯̄S) + ρb̄ = ρ
∂2

∂t2
ū (1) M̄ ¨̄u+ B̄ ˙̄u+ K̄ū = F̄ (2)

where K̄ stands for the stiffness, M̄ for the mass and B̄ for the structual damping matrix. Taking
into account nonlinear effects, the stiffness matrix and force vector F̄ are further dependent on
the displacement ū, which leads to a system of nonlinear equations. The nonlinear description
of the structure allows all relevant structural nonlinearities to be covered, the most important
being the one due to large deformations. The tracking of the surface normals, which indirectly
describes the change in the direction of the force, is an essential requirement for the fluid-
structure-interaction simulation.

The fluid flow is modeled with the arbitrary Lagrangian-Eulerian formulation of the Reynolds-
Averaged compressible Navier-Stoke equations (RANS) without volume forces. The fluid air is
being treated as an ideal gas. The flow domain is discretization with the finite-volume method
and the resulting nonlinear system of equations solved with a pressure-based coupled algorithm.
Since not all turbulence cascades are resolved, the RANS equations are used in combination
with the Spalart-Allmaras turbulence model [9].

In order to perform the Fluid-Structure-Interaction (FSI) simulation, the interface forces F̄I and
the displacement ūI must be transferred across the nonconforming interfaces. Hence, a method
for calculating a mapping matrix Ā is required. A possible way of doing this is described in [10].
Once Ā is available, for none sliding interface meshes, the data can be transferred according to
Equation 3 and Equation 4. The additional mapping matrix Ē is used to map the cell-centered
pressure force data to node-based forces.
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ūCFD = Ā · ūCSM (3) F̄CSM = ĀT · Ē · F̄CFD (4)

The fluid domain does not undergo any topological changes, but with the moving interface the
interior cells have to be modified. The position of the updated cell nodes is determined by
solving the diffusion equation with a cell position dependent diffusion parameter.

2.1 Equation of Aeroelasticity

The structural dynamics of the flexible aircraft in terms of physical coordinates is described by
Equation 2. To reduce the complexity of the model, it is useful to reduce the system complexity
by transferring it to generalized coordinates. With the eigenvector matrix Φ̄, Equation 2 can be
rewritten in the following way:

M̄genq̈ + B̄genq̇ + K̄genq = F̄gen (5)

where M̄gen, B̄gen and K̄gen represent the diagonal matrix of the generalized mass, damping
and stiffness matrix [11]. The vector of the generalized aerodynamic forces F̄gen is computed
in the context of this work by the use of CFD simulations. For the present work, Equation 5 is
transferred to the frequency domain. The generalized aerodynamic force matrix Q̄hh(Ma, kred)
is determined from the harmonic response of the wing [12]. Together with the angular frequency
ω and the generalized aerodynamic force matrix Q̄hh(Ma, kred), the well-known flutter equation
can be formulated as follows

[−ω2M̄gen + K̄gen −
ρ · U2

∞
2

Q̄hh(Ma, kred)]q0 = 0 (6)

With the mean aerodynamic chord cm, and the free stream velocity U∞, the reduced frequency
kred is given as follows

kred =
ω · cm
2 · U∞

(7)

To evaluate the critical condition where the structural motion is getting unstable, the p-k flutter
method in state-space formulation, as presented in [13], is used. In order to solve Equation 6,
a continuous progression of the transient aerodynamic forces, depending on kred, is required.
For this, a discrete number of reduced frequencies is calculated. Further values for kred are
computed using a linear interpolation.

2.2 Aeroelastic Framework and Simulation Approach

The present work is based on the aeroelastic framework ceas++ [14], which is a development
environment for high fidelity computational aeroelastic simulations. The core elements are
code adapters for commercial CSM and CFD solvers as well as an inverse shape mapping
algorithm for data transmission over non-conforming interface meshes. With full access to the
staggered coupling process of the fluid-structure-interaction simulation, a high capability for
individualized algorithms is given.
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Since the wing flight-shape is required for the presented work, the aircraft is brought into a
stable 1g trimmed level flight condition. The method used to determined the equilibrium state
is described in [14]. In this paper the framework was extended by the possibility to calculate the
generalized aerodynamic forces Q̄hh for an arbitrary flight conditions based on CFD methods.
Additionally, the p-k flutter method was implemented to predict the critical flight conditions.
In order to investigate the most important physical influences, three different case studies were
carried out. In the first basic study, the critical flutter pressure is determined in the wing’s jig-
shape. Herefore, the eigenmode matrix Φ̄ is calculated and the generalize mass and stiffness
matrix exported. The eigenmodes, scaled to an amplitude of 1/500 ·cm as suggested in [15], are
used to calculate the unsteady aerodynamic forces. The time domain solution is then converted
to modal coordinates and finally transformed into the frequency domain.

In the second study, first a trim calculation is undertaken. Based on the changed global AoA
and the resulting aerodynamic forces, the wings structural and aerodynamic model is updated to
the flight-shape. In order to investigate the pure geometrical flight-shape influences, structural
pre-loading and thus stress-stiffening effects are not considered. Hence, the load history is not
considered and the stiffness and mass matrix based on the updated mesh coordinates are re-
integrated and re-assembled. In strict sense, mass conservation is not fulfilled in this approach.
This would require an update of the element density, but since the elements strains are small and
the total mass deviation of the wing between jig- and flight-shape is less than ∆m/MTOW <
0.0076%, this is neglected. With the updated models, the aeroelastic model is constructed, as
explained in the first study.

In study three, additional changes in the stiffness matrix caused by the pre-loaded state are
taken into account. The simulation concept follows the second study, with the exception that
the load history is used to obtain the stiffness and mass matrix in the flight-shape. The principal
simulation approach for all three studies is sketched in Figure 1.
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Figure 1: Simulation approach.
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3 COMPUTATIONAL MODELS FOR THE ELASTIC WING CASE STUDY

A swept wing of a generic transport aircraft with high aspect ratio, as shown in Figure 2, is
used as a demonstration example. For the following study a MTOW of 102t is used. The basic
parameters of the wing plan form are shown in Table 1. In order to set up the methodological
process and to reduce computational effort, the study is limited to the wing half model. For this
reason, only symmetric flight conditions and wing motions are possible. Antisymmetric modes
are important to describe the overall physical behavior of aircraft motion, but have not been
considered for this study.

Figure 2: Generic flexible wing aircraft configuration.

Table 1: Wing planform parameters.

Wing Area Aspect Ratio Taper Ratio Wing Sweep
(S) (AR) (TR) (Λ)

158 m2 14.0 0.2 25 deg

3.1 Structural Wing Model

Due to their high lightweight potential, modern composite materials are used in structural wing
design. The FE method with shell element discretization is used as structural model. For over-
lapping areas like stringer or spar flanges, a smeared stiffness approach is used. The anisotropic
stiffness behavior of the shell elements is described by classical laminate theory. The complete
wetted area of the wing is used for the FSI simulation. For this reason, a representation of the
leading and trailing edge devices of the wing, capable of dealing with the FSI interface vari-
ables, is required. A simple sandwich construction is used for this, which is also represented
by shell elements. In order to avoid artificial stiffening of the wing box, the individual DoFs of
the flap surfaces, with the exception of the joints, are decoupled. To model the aircraft mass,
the wing structural weight is calculated using a density-based approach. As shown in Figure 3,
engine, fuel and fuselage, including sub-components and payload, are modeled with discrete
mass points.

In order to adapt the FE model to the flight-shape, it is also required to consider the change of
the local direction of the material coordinate systems. This is done via an additional coordinate
system model that uses fixed reference points on the wing, instead of fixed coordinates. Thus,
the material orientation can easily be updated with the resulting displacement results of the
wing.
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Figure 3: Structural finite element wing model.

3.2 Aerodynamic Wing Model

The steady and unsteady aerodynamic forces are calculated using CFD methods, solving the
compressible RANS equations. A finite volume pressure based solver is used for this purpose.
Spalart-Allmaras with additional wall function correction is used as turbulence model. The
flow domain, shown in Figure 4, is discretized with hex dominated cells. Normal forces are of
major interest, while the computing effort is kept as low as possible. Therefore, the number
of cells is reduced to 12.0 million. If aerodynamic drag is a particular focus in aerodynamic
efficiency assessment, the computational grid must meet much higher accuracy requirements.
Further, the aerodynamic influence of an engine is not considered and therefore not present in
the aerodynamic model.

15⋅cm

4⋅b2

20⋅cm

symmetry

pressure-
farfield

Figure 4: Computational aerodynamic domain and discretized half model.
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4 SIMULATION RESULTS

The case study is carried out with a cruise Mach number of Ma = 0.8 at flight level FL = 330.
The necessary angle of attack (AoA) α is determined for a load factor of 1g for a quasi-
stationary level flight condition. The resulting flight shape at α = 0.268 deg is shown in Fig-
ure 5. The trim results are computed as presented in [14].
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Figure 5: Wing deformation at 1g quasi-steady trimmed level flight condition at Ma = 0.8, FL = 330.

4.1 Structural Dynamics Influences

The eigenmodes of the aircraft wing are calculated with the Lanczos algorithm, as implemented
in MSC NASTRAN [16]. For the presented study ten elastic eigenmodes, as shown in Figure 6,
are taken into account to describe the structural dynamics. The rigid-body dynamics of the
aircraft have been neglected.

To evaluate the changes in modal stiffness, mass and frequency, the resulting 1g static flight
loads are scaled with the parameter λ and incrementally applied to the wing. Variations for
each mode are plotted in Figure 7. One can see that not all modes are influenced by the pre-load
with the same intensity. The bending dominated mode-3 and torsional mode-9 show the largest
changes in modal properties. Except for mode-9 the natural frequencies of the wing, which
are directly dependent on the modal stiffness and mass, tend to decrease in comparison to the
jig-shape. Mode-9 and mode-3 shows further a significant nonlinear behaviour depending from
the loading, what can be explained with the changed mode shapes.

The change in the modal stiffness and mass between the flight-shape and pre-loaded wing model
is shown in Table 2. Only small changes can be observed, which is why it is not possible to
say whether the deviation is caused by the pre-loading or numerical variations in the material
coordinate system model. To increase the stress-stiffening effect, the load is additionally scaled
to λ = 1.5. It can be seen that the influences on the modal mass and stiffness matrix are
increased. To see a larger influences, higher load factors are necessary, what is due to buckling
not arbitrary possible. For the flight condition with a load factor of 1g, it can be summarized
that no significant changes are recognizable.
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(a) mode-1, f = 1.223 Hz (b) mode-2, f = 1.386 Hz

(c) mode-3, f = 5.645 Hz (d) mode-4, f = 6.140 Hz

(e) mode-5, f = 8.415 Hz (f) mode-6, f = 12.740 Hz

(g) mode-7, f = 15.681 Hz (h) mode-8, f = 18.001 Hz

(i) mode-9, f = 18.793 Hz (j) mode-10, f = 22.008 Hz

Figure 6: First ten structural jig-shape eigenmodes. Displacement values scaled to |δu| = 1 m

The modal assurance criterion (MAC) according to Equation 8 is used to identify variations in
the mode shapes. The displacement vectors are compared to each other in jig- and flight-shape,
as well for the unloaded and pre-loaded wing structure in flight-shape. The results are presented
in Table 3.

MAC(ū1, ū2) =
|ūT1 ū2|2

|ū1||ū2|
(8)

Except for mode-8 and mode-9, only small changes between jig- and flight-shape can be ob-
served. The low MAC value for mode-9 continues to be an identification of the high nonlinear
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Figure 7: Eigenfrequency changes depending from external structural loading.

Table 2: Changes in mass and stiffness matrix due to pre-loading effect. ∆% = |∆Kgen|/Kgen

λ = 1.0 mode-1 mode-2 mode-3 mode-4 mode-5
∆Mgen: 0.06% 0.14% 0.90% 0.20% 0.08%
∆Kgen: 0.38% 0.03% 0.36% 0.08% 0.02%

mode-6 mode-7 mode-8 mode-9 mode-10
∆Mgen: 1.62% 1.59% 0.27% 2.96% 1.20%
∆Kgen: 1.29% 2.04% 0.24% 2.99% 1.28%

λ = 1.5 mode-1 mode-2 mode-3 mode-4 mode-5
∆Mgen: 0.84% 12.84% 1.14% 12.21% 14.62%
∆Kgen: 9.47% 8.54% 5.05% 16.35% 13.04%

mode-6 mode-7 mode-8 mode-9 mode-10
∆Mgen: 13.34% 3.30% 0.42% 5.10% 37.60%
∆Kgen: 11.37% 0.15% 3.00% 3.88% 37.71%

Table 3: MAC value results of eigenmode shapes comparison.

structural mode 1 2 3 4 5 6 7 8 9 10
jig- to
flight-shape 0.987 0.975 0.972 0.976 0.968 0.951 0.980 0.484 0.100 0.962

flight-shape to
pre-loaded wing 1.0 0.999 0.999 0.998 0.999 0.999 0.998 0.999 0.998 0.999

response of the modal stiffness and mass at λ = 0.5 in Figure 7. As those are projections onto
the eigenmodes, it is plausible that a step is to be expected as soon as a mode changes. A direct
comparison of the displacement field for mode-8 and mode-9 is illustrated in Figure 8.
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In the case of the flight shape modes compared to the pre-stressed structure modes, it can be
observed that all MAC values are close to MAC ≈ 1.0. That means, that there is no relevant
change in the present mode shape. Considering the results shown in Figure 7, only the changed
geometrical influences will influence the modal stiffness and mass and are thus included in
Equation 6. The similarity of the eigenmodes means in addition, that the matrix of generalized
aerodynamic forces does not show any differences between the unloaded and pre-loaded wing
in flight-shape. For the application, this is a relevant insight, because no additional computation
effort is necessary to obtain a new set of unsteady aerodynamic forces to assemble the Q̄hh

matrix.

(a) mode-8, jig-shape (left), flight-
shape (right)

(b) mode-9, jig-shape (left), flight-
shape (right)

Figure 8: Differences of the wing eigenmode shapes.

4.2 Aerodynamic Influences
In addition to the structural dynamics, changes in wing aerodynamics have also been included
and initially observed individually. The pressure distribution between jig- and flight-shape is
shown in Figure 9. As can be seen, the intensity of the shock decreases in the outer wing area.
The reason for this is the reduced local AoA, which is caused by the wing washout effect, which
is typical for elastic swept wings. Between jig- and flight-shape distribution, it has also to be
considered that the flight-shape is in a trimmed flight condition, such that the global AoA is
not zero. A considerable change in the lift distribution can be observed, which also affects the
unsteady aerodynamic forces.

In the following section, the structural and aerodynamic effects will be analyzed together with
respect to the flutter prediction.

4.3 Aeroelastic Flutter Results
The set of ten structural eigenmodes is used to calculate the unsteady aerodynamic forces, which
are evaluated for kred = [0.0, 0.05, 0.2, 0.8, 2.0, 3.0]. The flutter equation is solved with the p-k
method for a dynamic pressure range q∞ from 0.5 kPa to 42.0 kPa. Structural damping is not
considered.

The flutter analysis results in two unstable modes for the jig-shape study. For the studies with
the wing in flight-shape, only one unstable mode can be identified. The corresponding root
locus plots are shown in Figure 10. In all three cases, mode-3 becomes unstable. For the
wing in jig-shape, mode-4 becomes additionally unstable. It can also be seen that there are
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Figure 9: Wing pressure distribution of jig- and flight-shape at steady flow state, upper surface (left), lower surface
(right)

no significant influences between the geometrical flight-shape configuration and the pre-loaded
wing structure. This is in accordance with the previous results. In addition, the frequency and
damping trends over the dynamic pressure q∞ at Ma = 0.8 are presented in Figure 11. As in
the root locus diagram, the pre-loaded wing shows no significant difference to the flight-shape,
which is why the damping and frequency results are not plotted for the purposes of clarity. The
resulting flutter boundaries for all three cases are summarized in Table 4.
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Figure 10: Root locus of the three case studies.

Figure 12 shows the shape of the unstable aeroelastic mode-3 for the jig- and flight-shape at
q∞ = q∞,f . The complex amplitude ratio of the individual structural eigenmodes for flutter
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Figure 11: Damping and frequency trends for jig- and flight-shape configuration.

Table 4: Flutter boundaries for the three case studies.

jig-shape flight-shape pre-loaded
mode-3 mode-4 mode-3 mode-3

q∞,f [kPa] 30.4 40.5 25.5 26.1
kred,f [−] 0.150 0.141 0.153 0.152
ff [Hz] 5.542 6.064 5.170 5.152

mode-3 is listed in Table 5. One can see that in the jig-shape study mode-1, mode-2 and mode-
4 interact mainly, which can also be seen in Figure 12 by the second order wing bending. In
case of the flight-shape, mode-2 dominates and a coupling with mode-1 and mode-3 appears.

These three dominating modes are used to compare the Q̄hh elements, which are illustrated in
Figure 13. It is noticeable that the imaginary parts have close similarities. For the real part,
larger deviations can be observed. By considering the pressure distributions in Figure 9, this
seems reasonable, since the lift distribution has changed significantly.

Table 5: Modal amplitude ratios of participating structural eigenmodes for flutter mode-3 and q∞ = q∞,f .

structural mode: 1 2 3 4 5 6 7 8 9 10
jig-shape: 0.282 0.318 0.116 0.191 0.023 0.002 0.029 0.009 0.017 0.009
flight-shape: 0.330 0.343 0.157 0.088 0.021 0.005 0.028 0.001 0.018 0.004
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(a) jig-shape flutter mode-3

(b) flight-shape flutter mode-3

Figure 12: Displacement results of the flutter modes, scaled to |δu| = 1 m.

5 CONCLUSION

In this work, the influences of a pre-loaded wing structure on the flutter characteristic are inves-
tigated. Therefore, an aeroelastic modeling process to describe an elastic wing structure in jig-
and flight-shape is presented. To predict the flutter instability, the aeroelastic equation is solved
by means of the p-k method. The unsteady aerodynamic forces in the transonic flight regime
were described with the RANS equations in the time domain and solved using CFD methods.

To analyze the physical influences separately, three aeroelastic models were presented. As
starting model, a wing in jig-shape was used, which was brought into a trimmed cruise flight
condition at Ma = 0.8 in FL = 330. To study the influences of pre-loading, the wing model
was first brought into flight-shape with updating its geometry and reassembly of the structural
stiffness and mass matrix. A third model was assembled by using the structural stiffness and
mass matrix of the previous trim calculation, so that the load history and thus stress-stiffening
effects are included.

Differences between jig- and flight-shape models were first studied individually on the struc-
tural and aerodynamic field. The changed modal mass and stiffness distribution of the wing in
flight-shape already lead to a notable different modal behavior. Between the flight-shape and
pre-loaded wing model, only minor differences could be observed. The reassembly of mass and
stiffness matrix in flight-shape, based on the updated geometry, showed to cover most domi-
nating effects. The study showed that stress-stiffening has no considerable effect at lower load
factors. On the aerodynamic side, a significant change in the lift distribution could be observed,
which is mainly caused by the wing washout.

In the aeroelastic simulations those influences lead to different critical flutter pressures. The
change in lift distribution between jig- and flight-shape could also be observed in the unsteady
aerodynamic forces. While the phase shift shows a high similarity, the changed lift distribution
is observable in the force magnitudes.

The presented study was simplified to symmetric boundary conditions and exclusion of rigid-
body modes, so that not all physical effects necessary for the complete description of an aircraft
are covered. Yet it was shown that for the presented exemplary wing, important changes in
the aeroelastic behaviour occur. The largest influence was identified by the simple geometrical
change from jig- to flight-shape, which is why consequently the flight-shape should be used for
the aeroelastic design and evaluations.
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Figure 13: Jig- to flight-shape comparison of the resulting Q̄hh entries of the dominant flutter modes.
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