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Abstract: In this paper, the aeroelastic instability of a curved wing is investigated. The wing
structure is modeled by using the geometrically exact fully intrinsic beam equations, and the
aerodynamic loads are simulated through the incompressible unsteady aerodynamic model. The
wing is considered to have initial out of plane curvature, and the effect of the curvature on the
flutter speed and frequency of the wing is determined. Two curved wing case studies are
considered here. In the first case, the span of the wing is assumed to be constant and therefore
as the wing is curved the projected area of the wing decrease. In the second case, the wing is
assumed to have a constant projected area and therefore different curvature angles result in
different span lengths. When the initial curvature is added to the wing, the dynamics of the wing
changes, and therefore the aeroelastic stability of the wing is also affected. It is shown that when
the initial curvature of the wing increases, at first the flutter speed decreases and then increases
and finally a sudden jump occurs in the flutter speed due to the change of coupled modes
contributing in flutter. Moreover, the flutter frequency also first decreases by increasing the
curvature of the wing, and then there is a sudden jump in the frequency, and from this point
again the frequency decreases. Finally, results highlighting the importance of the initial
curvature of the wing on the flutter speed and frequency of these two case studies are presented.

1 INTRODUCTION

The aeroelasticity of aircraft wings is a topic of interest especially for flexible aircraft. In this
case, the mutual interaction of structural dynamics and aerodynamic loads may result in
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limitations in the operational condition of the aircraft. For a safe airplane, the flutter instability
should stay well beyond the flight envelope, and therefore it is very important to find the flutter
instability envelope of the aircraft. Flutter analysis of aircraft wings has been an active research
topic since 1917. One of the first studies that dealt with the flutter analysis was presented by
Bairstow and Fage [1]. They studied the reason for the flutter instability that occurred in the
horizontal tail of the twin-engined Handly Page O/400. Goland [2] studied the flutter of a
uniform aircraft wing by integrating the differential equations. Then, the effect of adding wing-
tip weights on the flutter of the wing was studied by Goland and Luke [3]. The shape of the
wing planform is one of the important factors that derives the performance characteristics of
aircraft. Usually, the planform shape of the wing is a tradeoff between different flight conditions
and is not always the optimized shape for each flight condition. Therefore, the idea of changing
the planform of the wing in flight to obtain the optimized shape of the wing in each flight
condition has been proposed [4, 5]. Morphing wings enhance the performance of the wing by
changing the shape in flight by using a proper mechanism [4, 5]. However, when the planform
of the wing changes, the aeroelastic stability of the wing is also affected. Therefore, the
aeroelastic stability of such wings should also be considered.

Changing the sweep of the wing in flight was one of the earliest ways of changing planform in
flight to reach higher cruise speeds. Lottati [6] showed the importance of the sweep angle on
the aeroelastic stability of a composite wing. Gern and Librescu [7] studied the effect of external
masses mounted under the wing on the aeroelastic stability of swept wings. The aeroelastic
instability of a swept wing under the effect of an engine was considered by Mazadi and
Fazelzadeh [8]. They showed that the combination of sweep angle of the wing, and the engine
mass and thrust, influenced the flutter speed and frequency of the wing. Adding winglets to the
tips of wings is another way of altering the aerodynamic loads which can result in lower loads
on the wing. When a winglet is added to the wing, the aeroelastic properties of the clean wing
changes. Goetz et al. [9] showed numerically and experimentally that when tip fins are
introduced to the wing, the flutter speed changes, and this is due more to the structural effects.
Moreover, the effect of winglet stiffness and mass on the aeroelastic stability of wings was
studied by Dogget and Farmer [10]. They showed that when the winglet is added to the wing,
the flutter dynamic pressure reduces, and for heavier winglets a larger reduction was observed.
Peng and Jinglong [11] considered the aeroelasticity of wings with C-type wing tips. They
concluded that when the winglet is added to transport aircraft wings the flutter speed reduces
by about 10%. More recently, the effect of winglets on the transonic aeroelasticity of a transport
aircraft wing was studied experimentally by Lv et al. [12]. They showed that the winglet shape
doesn’t affect the flutter speed significantly, while the weight of the winglet significantly
reduces the flutter speed. They also highlighted that the aerodynamics of the winglet has little
impact on the flutter speed of the wing. Changing the twist of the wing is another option that
modifies the aerodynamic loads on the wing. Twist morphing was one of the popular concepts
considered over the recent decades, and several concepts have been introduced [4]. Several
studies considered the effect of twist morphing on roll control [13], the minimization of induced
drag [14], the aerodynamic performance [15], and the drag performance [16]. Farsadi et al.
[17] considered the nonlinear aeroelasticity of linearly pre-twisted wings using thin-walled
beam theory, and showed that the twisted wing can have higher flutter speed compared to the
clean wing.

Recently, it has been proposed that making the wings curved can result in a reduction of drag
and fuel burn [18]. Making the wings curved is an idea that is inspired from nature, and it was
shown that a drooped wing shape could decrease the wing drag by up to 6%, and an inflected
wing may result in a drag reduction of 4%. Although making aircraft wings with initial
curvature can have some benefits on the aerodynamics, it could also change the structural
dynamics of the wing significantly. The effect of initial curvature on the dynamics of curved
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beams has been extensively addressed by many researchers [19]. Hodges [20] showed that
initially curved isotropic beams introduce stretch-bending coupling in the beam. Chang and
Hodges [21] determined the vibration characteristics of curved beams by using fully intrinsic
equations. They highlighted that the behavior of the beam when it is curved under load is
different from the beam with identical beam with initial curvature. Therefore, the curvature of
the wing not only influences the aerodynamics of the wing, also affects the aeroelastic behavior
of the wing. This has received little attention in the literature, and therefore here the effect of
initial curvature on the aeroelastic stability of aircraft wings is studied.

In this study, the aeroelastic behavior of an aircraft wing with initial curvature is investigated,
and the change in the flutter speed and frequency with respect to the out of plane curvature is
determined. The aeroelastic problem is formulated by combining the geometrical exact fully
intrinsic beam equations [22] with the unsteady Peters’ aerodynamic loads [23]. The effect of
initial curvature is considered through the capability of the beam formulation. Finally, the effect
of initial curvature on the dynamics, flutter speed, and flutter frequency of a typical wing is
discussed.

2 PROBLEM STATEMENT

An aircraft wing with initial curvature, as shown in Figure 1, is considered. It is assumed that
the wing has a constant curvature over the span of the wing. Two cases are considered here for
investigating the effect of curvature on the aeroelastic instability of the wing. In the first case,
it is considered that the span length or the perimeter of the wing is constant, and when it is
curved the projected area of the wing decreases. In the second case, the projected area of the
wing is considered to be constant, and therefore the span length of wing is not fixed. The
curvature radius is denoted here as Ry, and the arc angle of the curved beam is defined as

a =1Lk, 1)

where L and ko are the span length and the initial curvature of the beam, respectively. The
curved shapes of the wing for these two categories are shown in Figure 2. It is noted that in this
study, it is assumed that all the structural properties of the wing remain intact when an additional
curvature is added to the wing.

Rr: 1/k2

Figure 1: The schematic of the curved wing with constant initial curvature.
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Figure 2: The curved shapes of the wing for constant perimeter and constant projected area assumptions for
ko=60°/m.

3 EQUATIONS OF MOTION

The curved wing of the aircraft is modeled by using the geometrically exact fully intrinsic beam
equations [22]. This beam formulation has been used successfully recently for a range of
different aerospace structure applications [24-30]. Thus:

OF, /0%, + K Fy — KFy + fi = 0P, /Ot + Q,P; — QP

OF, /0%, + KsFy — KiFs + fo . = 0P/t + Q3P — O, P

OF; /0%, + KyFy — KsFy + fs, . = OP3/3t + P, — Q,P,

OM,/0x, + K;M3 — KsMy + 2y, F5 — 2y43F, + mq = 0H /0t + Q,H; — Q3H, +
VoPs — V3P,

OM,/0x, + KsM; — Ky Ms + 2y15Fy — (1 +y11)F; +my, = 0H, /0t + Q3H; — Qi Hs +
V3P — V1 Ps

OM3/0%, + K;My — KoMy + (1 + y10)F, — 2y1,Fy +my, = OH3 /0t + QyHy — Q,H, +
V,P, — V,P,

0V1/0x1 + KoVs — K3Vp 4 2y12Q03 — 2y130, = 0y, /0t D)
0V,/0xy + K3Vy — K1Vs — (1 + 711)Q3 + 2y13Qy = 20y,,/0¢

Vs3/0xy + KiVy — KoVy + (1 + y11)Q; — 2y12Q4 = 20y43/0t

90, /0%, + KyQ3 — K30, = dic, /0t

00, /0x, + K50y — K Qy = 01, /0t

00, /0%, + K, Qy — K0, = dics /0t

where F; and M; for i=1,2,3 are the sectional internal forces and moments, V; and Q; are the
linear and angular velocities, P; and H; are vectors containing the sectional linear and angular
momenta, respectively. y;; and k;; are the generalized strains of the beam. The vector of final
curvature and twist of the deformed beam is shown by K; which can be described by

Ki = K; + ki (2)

where k; denotes the initial curvature and twist values of the beam.
All variables that appeared in Eq (2) are described in the deformed coordinate reference system
except the initial curvature and twist which are based on the undeformed reference frame. In
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this study, it is assumed that the wing has an initial curvature and therefore k; is not zero. The
force and moment vectors are related to the generalized strain through the stiffness matrix as
follows

[ F1 S11 S12 S13 S1a Sis Si6]f Vi1
F, S12 S22 S23 Saa Sa2s Sa6||2¥12
Fs| _|S13 S23 S33 S3a S35 S36ll|2y13 F1_ Y

M| TS0 Spa Sis Ses Sas Sacll 1 | 0T ) =81 5] (3)
M, Si5 Szs S35 Sas Sss Ssef| K2
M3 1S16 Sz6 S36 Sae Sse¢  Seedt K3 -

where S contains the stiffness components of the beam cross-section. Moreover, the linear and
angular momenta can be calculated as follows

[Py U 0 0 0 pxz  —uxarVa
P, 0 u 0 —Uxs3 0 0 V,
Ps _ 0 0 U UXo 0 0 V3 (@)
Hy 0 —Uxz pUx, i +iz 0 0 04
H, UX3 0 0 0 iy iz |1Q
L Hzl  L—ux, 0 0 0 iy3 i 1LQ,]

where u is the mass per unit length of the wing, x= [x,x,, x3]" is a vector containing the
offsets between the mass centroid and the section reference line, and i = [iy, i, i3]" is the vector
of mass moments of inertia.

The wing is subjected to incompressible unsteady aerodynamic loads simulated here by using
the fully intrinsic representation of Peters’ formulation ([23]) as follows:

fiaero = CaFia for =123 (5)
Migero = CaMia + Ca}NIaCFia for i =1,2,3

where C, is the transformation matrix from the aerodynamic coordinate system to the beam

reference coordinate system, the superscript (~) is the tilde operator, which transforms a vector
like A to its corresponding matrix as follows:

0 _a3 az
A = [ay,a;,a5]", A= as 0 —a1] (6)
_a2 a1 0

Moreover, F; , M;_ fori=1,2,3 are the aerodynamic forces and moments on the aerodynamic
coordinate system that can be written as follows

Fi,=0

Fa = pb (=CiyViVay + i, (Ve + 40)” = CagViVa,)

Fa, = pb(CiyVrVa, = CipVay b/2 = Ci Vo, (Voy + Ao = Qa,b/2) = CayVrVa,)
My, = 2pb? (CngVE = CingVrVay — CioVa,Qa, b/8 — €y, (b2/3260, — b/8Vs, ))
M,, =Ms;, =0

(7)
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where €y, C;, C4,, Crn,» and C,,  are the aerodynamic coefficients of the airfoil. The subscript

(o) refers to the aerodynamic coordinate system, and V; is the total aerodynamic velocity
that can be written as

Vr = / V2 + V2 (8)

Furthermore, A, is the inflow value which is obtained based on the following relation [23]:

. T ) b .
A1+ (g ) ) = (o, + 300, )
1

Ao :E{B}T{A }

©)

where 4 is a vector containing the inflow states and A, B, and C are constant matrices defined
as

1
[A] = [D +dBT + cd™ + ECBT]

(N+n—-1)! 1

— (_1\n-1
B= D" ooy MY
B, =(—D"1 n=N

2
Cn=;

1 (10)
dnzf (n#1)
d,=0 (n=1)
Dnm=%1 n=m+1)
Dnm:_% (n=m-1)
D,m=0 m+xm+1)

As the wing is completely fixed at the root and free at the tip, the following set of boundary
conditions are applied to the equations of motion:

Fl (L! t) O Ml (L, t) 0 Vl(ol t) O 'Ql(ol t) O
F(L,t)| = M My (L) = H V20,0 = (U] ,[92:00,8)| = H (12)
F;(L,t) 0 M5(L,t) 0 V5(0,t) 0 Q5(0,t) 0

where, U, is the free steam velocity.

The governing aeroelastic equations of the wing are discretized by using a space-time
discretization scheme [22]. By selecting the number of elements to 16, the results converged.
Finally, to study the aeroelastic stability, first the steady state solution of the system is
determined. Then, the eigenvalues of the linearized system about the steady-state condition are
determined. By checking the resulting eigenvalues, the stability of the system can be obtained.
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To check the validity of the code, the nondimensional frequencies of a beam with initial
curvature are determined and compared with those reported by [31], and presented in Table 1.
In this case, the curvature angle is « = 180, and the results shows a good agreement.

In the next step, the flutter speed of an aircraft wing is determined and compared with [32]. The
wing resembles the Goland wing, and the wing properties are presented in Table 2. The flutter
speed and flutter frequency of this wing are determined and compared with the results presented
by [32] in Table 3. It is clear that the aeroelastic results by the present method are in a very
good agreement with those of Rosa and Franciosi [30]. In the following section, the effect of
the initial curvature on the flutter speed and frequency of the Goland wing is determined.

Table 1: The Comparison of the nondimensional frequencies of a curved cantilever beam

Mode No. Present Rosa and Franciosi [31]
1% 0.43541 0.435
2nd 1.3781 1.375
3rd 4.7311 4.71
4th 10.604 10.52

Table 2: Goland wing structural and aerodynamic properties

Parameter Definition Value

L Wing half span 6.1m

c Wing root chord 1.83m

GJ Torsional Stiffness ~ 0.99x10° N.m?

El> Bending Stiffness 9.77x10° N.m?

U Mass per unit length ~ 35.7 kg/m

i3 Mass moment of 8.64 kg.m
inertia

Xe.a. Elastic axis offset 33% chord
from L.E.

Xc.g. Centre of gravity 43% chord
offset from L.E.

Yac Aerodynamic center  25% chord
offset from L.E.

G, Lift curve slope 2n

A =EIL,/G] Stiffness ratio 7.5-12.5

Table 3: Comparison of the flutter speed and flutter frequency of Goland wing

Present Patil et al. [32]
Flutter speed (m/s) 135.6 136
Flutter frequency (rad/s) 70.23 70.2

When the initial curvature is added to the wing, the aeroelastic properties of the wing changes,
and therefore it is important to check the impact on the onset of instability. As mentioned earlier,
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the wing has an initial out of plane curvature, k,, which is assumed to be constant along the
span of the wing. The deformed shape of the wing for various curvature angles is shown in
Figure 3. In this case, it is assumed that span or the perimeter of the wing is constant.
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Figure 3: The deformed shape of the wing for the constant perimeter case.

First, the effect of the initial curvature on the three first natural frequencies of the wing is
determined and shown in Figure 4. By increasing the initial curvature of the wing, the two first
frequencies approach each other until a certain value of curvature, but after that they veer away
each other. In this case, the veering occurs when the initial curvature is about k, = 55°/m.
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Figure 4: The natural frequencies of the wing for different values of out of plane curvature.

Next, the effect of initial curvature on the flutter speed and frequency of the wing for the case
of constant perimeter is determined. Figure 5 shows the change in flutter speed of the wing for
various initial out of plane curvature angles. When the initial curvature is added to the wing, at
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first the flutter speed decreases until about k, = 45° /m, mostly due to the initial coalescence
of the first and second modes, as shown in Figure 4. Then, the flutter speed increases gradually
until about k, = 67°/m where the interaction between the first and second modes is still the
main cause of flutter, but these modes then veer away each other. Then a sudden increase is
observed in flutter speed which is mainly due to the flutter mechanism changing. Again, after
this point the flutter speed decreases. Furthermore, as shown in Figure 6, the flutter frequency
of the wing also decreases gradually until k, = 67°/m where there is a jump in the flutter
frequency, and then again it reduces. The main reason for this sudden jump in the flutter speed
and flutter frequency is the change in the flutter modes as described below.
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Figure 5: Flutter speed versus out of plane curvature for the constant perimeter case,
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Figure 6: Flutter frequency versus out of plane curvature for the constant perimeter case.

For the domain of initial curvature of k, < 67°, as shown in Figure 7, the flutter is the result
of coupling between the first and second modes. Also, it must be noted that in this region, by
increasing the aircraft speed, initially the first and second modes are coupled together, but after
a certain value above the flutter speed, the first and third modes are coupled together. Moreover,
for the domain of k, = 67°/m, as shown in Figure 8, at the beginning the two first modes
approach together but then veer away from each other. Then, the first and third modes are



IFASD-2019-046

coupled together which results in higher flutter speeds. This completely clarifies the reason for
the sudden jump shown in the flutter speed and flutter frequency.
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Figure 7: Aeroelastic frequencies versus velocity for k,=60 deg/m,
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Figure 8: Aeroelastic frequencies versus velocity for k,=75 deg/m.

Figures 9 and 10 show the variation of flutter speed and flutter frequency of the wing with
respect to the initial curvature for different stiffness ratios (1 = EI,/GJ). The stiffness ratio
completely affects the flutter speed of the wing, but the trend of the change is different for
various initial curvature angles. When the stiffness ratio decreases, the point at which the flutter
speed trend changes moves forward toward higher values of curvature angle. Moreover, three
regions are clear in Figure 9 where the stiffness ratio works differently. In the first and third
regions the flutter speed decreases by increasing the initial curvature, and when A decreases, the
flutter speed increases. But the situation is completely different in the middle region the flutter
speed increases by increasing the curvature angle. In this region, when the stiffness ratio raises,
the flutter speed also increases. This highlights the importance of the combination of the
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stiffness ratio and initial curvature on the flutter speed. Moreover, the stiffness ratio also affects
the flutter frequency as shown in Figure 10. For all initial curvature values, by increasing the
stiffness ratio, the flutter frequency also increases, but the rate of increase is not constant.
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Figure 9: The effect of A on the flutter speed for various initial curvatures,
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Figure 10: The effect of A on the flutter frequency for various initial curvatures.

Finally, Figures 11 and 12 shows the flutter speed and flutter frequency of the wing for the two
cases of constant perimeter and constant projected area. In this case, the stiffness ratio is
considered to be A=10. For lower values of initial curvature, there is no significant difference
between the flutter speed of these two cases, as shown in Figure 11. But for higher values of
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curvature angles, the difference tends to get larger. This pattern is also observed in Figure 12
for the flutter frequency. Therefore, this mainly highlights that in terms of extending the
stability region, the case of constant perimeter works better than the case of constant projected
area.
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Figure 11: Flutter speed for the constant perimeter case versus constant projected area for various initial
curvatures,
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Figure 12: Flutter frequency for the constant perimeter case versus constant projected area for various initial
curvatures.
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5 CONCLUSION

In this paper, the aeroelastic stability of a curved aircraft wing is investigated. The wing is
considered to have an out of plane curvature which might have advantages in reducing the drag.
The wing is modeled by using the geometrically exact fully intrinsic beam equations and the
curvature is considered by adding the initial curvature to the beam formulations. The
aerodynamic loads applied on the wing are simulated using an incompressible unsteady
aerodynamic model. The resulting aeroelastic equations are discretized using a time-space
scheme, and the stability of the system is determined through an eigenvalue analysis. It has
been shown that when the curvature is added to the wing, the frequencies of the wing changes.
Furthermore, when the initial curvature is introduced to the wing, the flutter speed and flutter
frequency of the wing changes completely. Moreover, a sudden jump in the flutter speed and
frequency was seen in a certain curvature angle which is mostly due to the change in the modes
contributing to the flutter. Finally, the effects of stiffness ratio combined with the initial
curvature of the wing on the flutter speed and frequency of the wing have been presented.
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