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Abstract: During the design and analysis of aircraft flutter boundaries are typically computed 

using the p-k iterations, k iterations, p iterations, or eigenvalue analysis, that require 

computationally expensive and numerically sensitive procedures especially for complex 

configurations. In this work, the Dynamic Eigen Decomposition (DED) and a frequency domain 

stability theorem developed previously will be applied to a coupled CFD-CSD simulation to 

predict the aircraft flutter. It is known that the dynamic eigenmodes (DE) of the aeroelastic system 

are an intrinsic property of the system independent of dynamic pressure and flutter mode is 

identical to one of the DEs. Thus, the aeroelastic instability can be predicted by simply 

extrapolating the corresponding dynamic eigenvalues obtained at low, subcritical dynamic 

pressures. We will extend the theory to show that this is also true in the case of two parameters 

where air speed as well as air density vary. The proposed scheme is applied to computationally 

simulated flight data of F-16 wing model with a bending and a torsion mode shape subjected to a 

vertical gust in a transonic flow. It is shown that the new approach produces very accurate flutter 

predictions with the gust response. It is also shown that the single parameter variation of dynamic 

pressure based on a mean, constant speed of sound can yield sufficiently accurate flutter results.   

1. INTRODUCTION  
 

In this work, aircraft flutter will be predicted using the DED technique developed recently [1-

5]. In the previous work [4,5] it was shown that when the perturbed aeroelastic equation of motion 

at a given dynamic pressure is decomposed into the DEs, the critical flutter point can be predicted 
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by a simple extrapolation of the corresponding dynamic eigenvalues in the frequency domain. 

Furthermore, the flutter mode is identified as one of the DEs implying that the flutter solution is 

invariant under the change of dynamic pressure. Thus, the method provides a powerful tool to 

predict the flutter based on data obtained at subcritical dynamic pressures, i.e., at dynamic 

pressures lower than the flutter dynamic pressure. In particular, since it captures the vital fluid-

structure interaction mechanism correctly using only the structural part of the aeroelastic response 

it can be used effectively for flight flutter testing and simulation. For further demonstration of the 

flutter prediction scheme, we simulate a flight flutter testing scenario using computational 

aeroelasticity that couples CFD (Computational Fluid Dynamics) and CSD (Computational 

Structural Dynamics) in a transonic flow regime. For the airplane model we use the F-16 wing 

with one bending and one torsion modes, and for the CFD we use a Reynolds Averaged Navier-

Stokes solver. The excitation input to the wing is a uniform vertical gust. Frequency responses of 

the modal displacements due to the gust are extracted at two altitudes and the flutter stability is 

checked by extrapolating the dynamic eigenvalues using the Nyquist diagram in frequency 

domain. Alternatively, the (2 × 2) full aeroelastic equation of motion is also processed to yield 

the flutter solution with a higher accuracy. It is shown that in both types of simulations, the 

predicted flutter solution is very close to the known exact solution, within 4.4% and .6%, 

respectively, satisfying the following requirements desirable for computational simulation or flight 

flutter testing: 

 

1. The flutter prediction is conducted entirely using the simulation or test data alone 

without relying on solving any analytical models. 

2. The procedure is executed at low dynamic pressures, sufficiently lower than the 

flutter point to provide for the safety of test pilot and airplane.  

3. Only structural data, i.e., displacements and velocities on the lifting surface, are 

used with no aerodynamic measurements required. 

 

2. DYNAMIC EIGEN DECOMPOSITION OF AEROELASTIC SYSTEM 

 

 A structural dynamic system described by N structural modes is given in discrete-time, state-

space as 

 

                𝒛𝑛+1 = 𝑨𝑠𝒛𝑛 + 𝑩𝑠𝒚𝑛 + 𝑩𝑖𝒖𝑛   (2𝑁 × 1)             (1) 

 

Similarly, an unsteady aerodynamic system in M states undergoing statically nonlinear, 

dynamically linear (SNLDL) oscillations can be described by [4] 

 

                            𝒙𝑛+1  = 𝑨𝑎𝒙𝑛 + 𝑩𝑎𝒛𝑛     (𝑀 × 1)   

                                  𝒚𝑛 = 𝑞𝐷 (𝑪𝑎𝒙𝑛 + 𝑫𝑎𝒛𝑛) (2𝑁 × 1)             (2) 

 

One can write the coupled fluid structural interaction (FSI) equation subject to varying dynamic 

pressure, 𝑞𝐷 but at a constant Mach number as follows: 



 

                  𝑿𝑛+1 = 𝑨(𝑞𝐷)𝑿𝑛 + 𝑩𝒖𝑛  (𝐿 × 1)                      (3)

  

                               (𝐿 = 2 × 𝑁 + 𝑀)  

 

where 

 

            𝑿 ≡ {
𝒙
𝒛

}                             

              𝑨(𝑞𝐷) ≡ [
𝑨𝑎 𝑩𝑎

𝑞𝐷𝑩𝑠𝑪𝑎 𝑨𝑠 + 𝑞𝐷𝑩𝑠𝑫𝑎
], 𝑩 ≡ [

0
𝑩𝑖

]                (4) 

 

Splitting 𝑿 into nominal and perturbed parts: 

 

             𝑿 = 𝑿0 + Δ𝑿                                         (5) 

 

where 𝑿0 and Δ𝑿 each satisfies, 

 

                   𝑿0
𝑛+1 = 𝑨(𝑞𝐷0)𝑿0

𝑛 + 𝑩𝒖𝑛  : Nominal                

              𝚫𝑿𝑛+1 = 𝑨(𝑞𝐷)𝚫𝑿𝑛 + 𝚫𝑨𝑿0
𝑛  : Perturbed           (6)               

 

where 𝚫𝑨 ≡ 𝛥𝑞𝐷𝚫𝑨̅̅ ̅̅ ,   𝛥𝑞𝐷 ≡ 𝑞𝐷 − 𝑞𝐷0 and 

 

                     𝚫𝑨̅̅ ̅̅ ≡ [
𝟎 𝟎

𝑩𝒔𝑪𝒂 𝑩𝒔𝑫𝒂
] = 𝐶𝑜𝑛𝑠𝑡                      (7) 

 

In the above derivation, the key assumptions are: 

 

1. The nominal aeroelastic system is stable. 

2. Along the Constant Mach Varying Altitude (CMVA) air speed is assumed constant and 

only density changes. 

3. The perturbed system is stable or unstable only depending on 𝛥𝑞.   

 

Note that 2. is a good approximation of the so-called matched point state of atmosphere. More 

specifically, considering that the speed of sound and hence the true air speed varies with respect 

to altitude only within ±7.5% from its mean value (Fig. 1) and also that only one of the two terms 

in the downwash boundary condition is affected by the change in air speed, it is reasonable to 

ignore the variation and use the mean value. Hence, we will regard dynamic pressure as the single 

varying parameter. See Ref. 4 for a detailed discussion. Based on these assumptions, flutter is 



determined by the dynamic instability of the perturbed system which has the following transfer 

function of the perturbed equation from 𝑿𝟎
𝒏 to 𝚫𝑿𝒏+𝟏:  

 

               𝑮(𝜔) = [𝑧𝑰 − 𝑨(𝑞𝐷)]−1𝚫𝑨 ≡ 𝑽𝜈(𝜔)𝚲𝜈(𝜔)𝑾𝜈
†(𝜔)                   (8)                

 

where 𝑧 ≡ 𝑒𝑗𝜔Δ𝑡 and 

 

                         𝜈 ≡ 𝑟𝑎𝑛𝑘(𝑮(𝜔)) = 𝑟𝑎𝑛𝑘(𝚫𝑨̅̅ ̅̅ ) = 2𝑁 

                       𝜦𝑣 =  (𝑣 × 𝑣) diagonal matrix with nonzero dynamic eigenvalues 

                        𝑽𝑣,  𝑾𝑣 = matrices of right and left dynamic eigenvectors  

                         𝑽𝜈(𝜔)𝑾𝜈
†(𝜔) = 𝑰𝜈  (orthonormality) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1 Altitude vs. speed of sound of standard atmosphere 

 

It can be shown that the following transfer function is ‘modally equivalent’ to 𝑮(𝜔) [1]. 

 

              𝑮′(𝜔) = [𝑧𝑰 − 𝑨(𝑞𝐷0)]−1𝚫𝑨 ≡ 𝑽ν
′ (𝜔)𝚲𝜈

′ (𝜔)𝑾𝜈
†′(𝜔)                 (9) 

 

That is, 

    



         𝑽ν
′ (𝜔) ≡ 𝑽𝜈(𝜔), 𝑾𝜈

′ (𝜔) ≡ 𝑾𝜈(𝜔)                        

         𝚲𝜈
′ (𝜔) ≡ [𝑰𝜈 + 𝚲𝜈(𝜔)]−1𝚲𝜈(𝜔)                  (10) 

 

and the two systems share the same set of dynamic eigenmodes, 𝑽𝜈(𝜔) and 𝑾𝜈(𝜔). 

 

3. STABILITY OF AEROELASTIC SYSTEMS BASED ON DYNAMIC EIGENVALUES 

 

 Suppose the dynamic pressure is increased by 𝜅𝛥𝑞𝐷 instead of 𝛥𝑞𝐷 from the nominal 𝑞𝐷0. Then 

𝑮(𝜔) will be modally equivalent to  

 

       𝑮′(𝜔) = [𝑧𝑰 − 𝑨(𝑞𝐷0)]−1𝑘𝚫𝑨 ≡ 𝑽𝜈(𝜔)𝜅𝚲𝜈
′ (𝜔)𝑾𝜈

𝑇(𝜔)              (11) 

 

which has new eigenvalues 𝜅𝜆′𝜈𝑖(𝜔)  but retains the same dynamic eigenvectors. Hence, the 

dynamic eigenvalues of the new perturbed syst. can be expressed as 

 

           𝚲𝜈(𝜔) ≡ [𝑰𝜈 − 𝜅𝚲𝜈
′ (𝜔)]−1𝜅𝚲𝜈

′ (𝜔)                    (12) 

 

Since 𝒗𝜈𝑖(𝑡) ’s, 𝒘𝜈𝑖(𝑡) ’s are invariant under 𝜅𝛥𝑞𝐷  and bounded by the orthonormality, the 

stability of the transfer function and therefore the flutter boundary should be determined by 

𝜆𝜈𝑖(𝑡)′s (𝑖 = 1,2, … 2𝑁). Thus, invoking the Multi-Input Multi-Output (MIMO) Nyquist Stability 

Theorem, one can make the following statement about the stability of the aeroelastic system:  

 

“For a stable aeroelastic equation of motion undergoing a change in dynamic pressure, the Nyquist 

plot of 𝑑𝑒𝑡[𝑰𝜈 − 𝜅𝚲𝜈
′ (𝜔)] must not encircle the origin of the complex plane.” (See Fig. 2) 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2 Stable and unstable MIMO systems according to Nyquist Stability 



4. FREQUENCY-DOMAIN FORMULATION WITH STRUCTURAL RESPONSES 

 

Since there are exactly 2N complex or N pairs of complex conjugate dynamic eigenvalues that 

are not zeros, the stability formulation can be written more conveniently using the structural 

dynamic equation of motion in the frequency-domain: 

 

           𝑴𝒒̈ + 𝑪𝒒̇ + 𝑲𝒒 = 𝑞𝐷𝑸(𝑘)𝒒    (𝑁 × 1)            (13) 

 

where k is the reduced frequency (≡
𝜔𝑏

𝑉
). As before, let 𝒒 = 𝒒0 + Δ𝒒  such that 

 

                  𝑴𝒒̈0 + 𝑪𝒒̇0 + 𝑲𝒒0 = 𝑞𝐷0𝑸(𝑘)𝒒0  : Nominal  

                                    𝑴𝚫𝒒̈ + 𝑪𝚫𝒒̇ + 𝑲𝚫𝒒 = 𝑞𝐷𝑸(𝑘)𝚫𝒒 + Δ𝑞𝐷𝑸(𝑘)𝒒0   : Perturbed           (14) 

 

and compute the transfer function from 𝒒0 to 𝚫𝒒: 

 

               𝑮𝑞(𝜔) ≡ [−𝜔2𝑴 + 𝑗𝜔𝑪 + 𝑲 − 𝑞𝐷𝑸(𝑘)]−1Δ𝑞𝐷𝑸(𝑘) 

                              = [−𝜔2𝑴 + 𝑗𝜔𝑪 + 𝑲 − 𝑞𝐷𝑸(𝑘)]−1[−𝜔2𝑴 + 𝑗𝜔𝑪 + 𝑲 − 𝑞𝐷0𝑸(𝑘)] − 𝑰𝑁    

             ≡ 𝑻𝑞(𝜔)𝑻𝑞0
−1(𝜔) − 𝑰𝑁                          (15) 

 

Note that it requires two transfer functions 𝑻𝑞0, 𝑻𝑞, at the two dynamic pressures, 𝑞𝐷0 and 𝑞𝐷. 

Taking DED of 𝑮𝑞(𝜔) 

 

            𝑮𝑞(𝜔) ≡ 𝑽𝑁(𝜔)𝚲𝑁(𝜔)𝑾𝑁
† (𝜔)                            (16)              

 

leads to the MIMO stability as before. When the dynamic pressure is increased from 𝑞𝐷 to 𝑞𝐷 +
𝜅Δ𝑞𝐷, the new eigenvalues are obtained as: 

 

                       [𝑰𝑁 − 𝜅𝚲𝑁(𝜔)]−1𝜅𝚲𝑁(𝜔)                   (17) 

 

The critical dynamic pressure is then obtained as  

 

              𝑞𝐷𝑓 = 𝑞𝐷 + 𝜅𝑓Δ𝑞𝐷                (18)  

 

where at least one of 1 − 𝜅𝑓𝜆𝑁𝑖(𝜔𝑓)’s vanishes.   

 



5. FREQUENCY-DOMAIN FORMULATION WITH VELOCITY VARIATION 

 

If one were to consider variations in air speed as well as air density with respect to altitude, 

Eq. (15) would need to be modified to: 

 

    𝑮𝑞
′ (𝜔) ≡ 𝑻𝑞1

′ (𝜔)𝑻𝑞0
′−1(𝜔) − 𝑰𝑁 

≡ [−𝜔2𝑴 + 𝑗𝜔𝑪 + 𝑲 − (𝑞𝐷𝑸(𝑘))
1

]
−1

[−𝜔2𝑴 + 𝑗𝜔𝑪 + 𝑲 − (𝑞𝐷𝑸(𝑘))
0

] − 𝑰𝑁             

                  = [−𝜔2𝑴 + 𝑗𝜔𝑪 + 𝑲 − (𝑞𝐷𝑸(𝑘))1]−1Δ(𝑞𝐷𝑸(𝑘))                 (19) 

 

where 

 

Δ(𝑞𝐷𝑸(𝑘)) ≡ (𝑞𝐷𝑸(𝑘))1 − (𝑞𝐷𝑸(𝑘))0 

                 = 𝑞𝐷1𝑸(𝑘1) − 𝑞𝐷0𝑸(𝑘0) 

                  = Δ𝑞𝐷𝑸(𝑘1) + 𝑞𝐷0[𝑸(𝑘1) − 𝑸(𝑘0)]                      (20) 

 

and  𝑘0 ≡
𝜔𝑏

𝑉0
, 𝑘1 ≡

𝜔𝑏

𝑉1
, Δ𝑞𝐷 ≡ 𝑞𝐷1 − 𝑞𝐷0 . It is assumed that the speed of sound and density 

change with respect to altitude according to the standard atmospheric state equation say, 

𝑓(𝜌, 𝑉, ℎ) = 0. For practical purposes, one can approximate the generalized aerodynamic force 

matrix at the new air speed as, 

 

𝑸(𝑘1) ≈ 𝑸(𝑘0) +
𝜕𝑸

𝜕𝑘
(𝑘0)Δ𝑘 = 𝑸(𝑘0) +

𝜕𝑸

𝜕𝑉
(𝑉0)Δ𝑉                        (21) 

 

ignoring the higher order terms because, as discussed above, the effect of the variation in air speed 

would be small. Hence, inserting (21) into (20) and (19) yields 

 

[−𝜔2𝑴 + 𝑗𝜔𝑪 + 𝑲 − (𝑞𝐷𝑸(𝑘))
1

]
−1

[−𝜔2𝑴 + 𝑗𝜔𝑪 + 𝑲 − (𝑞𝐷𝑸(𝑘))
0

] − 𝑰𝑁             

             ≈ [−𝜔2𝑴 + 𝑗𝜔𝑪 + 𝑲 − (𝑞𝐷𝑸(𝑘))1]−1[Δ𝑞𝐷𝑸(𝑘1) + 𝑞𝐷0
𝜕𝑸

𝜕𝑉
(𝑉0)Δ𝑉]               (22) 

 

Note that Eq. (22) reduces to Eq. (15) if Δ𝑉 = 0 or we ignore the speed variation. For instance, in 

35,000 ft < h < 65,000 ft (Fig. 1) Eq. (15) will be valid to use.  

Now suppose that the aircraft undergoes variations both in air density and air speed by the 

incremental factors, 𝜅Δ𝑞𝐷 , 𝑙Δ𝑉 , respectively by changing its altitude from ℎ1  to ℎ1 + Δℎ 

following the Constant Mach curve. In reality, air density and speed cannot change independently 

as they are both functions of the altitude, but for simplicity we will keep both 𝜅Δ𝑞𝐷 and 𝑙Δ𝑉 in the 

equation. Then, the new perturbed aeroelastic response to consider would be, 



𝚫𝒒 ≡ [−𝜔2𝑴 + 𝑗𝜔𝑪 + 𝑲 − (𝑞𝐷𝑸(𝑘))1 − 𝜅Δ𝑞𝐷𝑸(𝑘1) − 𝑙𝑞𝐷0

𝜕𝑸

𝜕𝑉
(𝑉0)Δ𝑉]

−1

∙ 

               [𝜅Δ𝑞𝐷𝑸(𝑘1) + 𝑙𝑞𝐷0
𝜕𝑸

𝜕𝑉
(𝑉0)Δ𝑉]𝒒0                            (23) 

 

subject to the standard atmospheric equation. Invoked by Appendix B of Ref. [6], we will express 

the perturbed response (23) as a sum of two perturbed responses 𝚫𝒒1 and 𝚫𝒒2 undergoing 𝜅Δ𝑞𝐷 

and 𝑙Δ𝑉, respectively, as 𝚫𝒒 = 𝚫𝒒1 + 𝚫𝒒2:  

 

       𝚫𝒒1 ≡ [−𝜔2𝑴 + 𝑗𝜔𝑪 + 𝑲 − (𝑞𝐷𝑸(𝑘))1 − 𝜅Δ𝑞𝐷𝑸(𝑘1)]−1𝜅Δ𝑞𝐷𝑸(𝑘1)(𝒒0 + 𝚫𝒒2)       (24) 

𝚫𝒒2 ≡ [−𝜔2𝑴 + 𝑗𝜔𝑪 + 𝑲 − (𝑞𝐷𝑸(𝑘))1 − 𝑙𝑞𝐷0
𝜕𝑸

𝜕𝑉
(𝑉0)Δ𝑉]

−1

𝑙𝑞𝐷0
𝜕𝑸

𝜕𝑉
(𝑉0)Δ𝑉(𝒒0 + 𝚫𝒒1)    (25) 

     

If we use DED of the two transfer functions,             

 

                    [−𝜔2𝑴 + 𝑗𝜔𝑪 + 𝑲 − (𝑞𝐷𝑸(𝑘))1]−1Δ𝑞𝐷𝑸(𝑘1) ≡ 𝑽1(𝜔)𝚲1(𝜔) 𝑾1
†(𝜔)         (26) 

             [−𝜔2𝑴 + 𝑗𝜔𝑪 + 𝑲 − (𝑞𝐷𝑸(𝑘))1]−1𝑞𝐷0
𝜕𝑸

𝜕𝑉
(𝑉0)Δ𝑉 ≡ 𝑽2(𝜔) 𝚲2(𝜔)𝑾2

†(𝜔)         (27) 

                    

(24), (25) can be rewritten, 

 

𝚫𝒒1 = 𝑽1(𝜔)[𝑰 − 𝜅𝚲1(𝜔)]−1𝜅𝚲1(𝜔) 𝑾1
†(𝜔)(𝒒0 + 𝚫𝒒2)                   (28) 

𝚫𝒒2 = 𝑽2(𝜔)[𝑰 − 𝑙𝚲2(𝜔)]−1𝑙𝚲2(𝜔) 𝑾2
†(𝜔)(𝒒0 + 𝚫𝒒1)                    (29) 

 

Therefore, the perturbed solution is a convolution superposition of 𝑽1 and 𝑽2: 

 

                                                   𝚫𝒒 = 𝑽1(𝜔)𝒑1(𝜔) + 𝑽2(𝜔)𝒑2(𝜔)                                  (30) 

 

with the two amplitudes determined by 

 

     [
𝑰 −[𝑰 − 𝜅𝚲1]−1𝜅𝚲1 𝑾1

†𝑽2

−[𝑰 − 𝑙𝚲2]−1𝑙𝚲2 𝑾2
†𝑽1 𝑰

] {
𝒑1

𝒑2
}=[

[𝑰 − 𝜅𝚲1]−1𝜅𝚲1 𝑾1
†

[𝑰 − 𝑙𝚲2]−1𝑙𝚲2 𝑾2
†

] 𝒒0   (31) 

 

from which one can determine the flutter by checking for what combination of (𝜅𝑓 , 𝑙𝑓 , 𝜔𝑓) 𝚫𝒒 

diverges. Note that neither 𝑰 − 𝜅𝚲1(𝜔) nor 𝑰 − 𝑙𝚲2(𝜔) could be singular because now the aircraft 

moves through the altitudes satisfying 𝑓(𝜌, 𝑉, ℎ) = 0. An important consequence of Eq. (30) and 

(31) is that the flutter mode will be a linear convolution superposition of 𝑽1(𝜔𝑓) and 𝑽2(𝜔𝑓). In 



this regard, the flutter mode can be regarded as an intrinsic property of the aeroelastic system as 

it is in the case of the single parameter variation, Δ𝑞. 

 A word is in order about the efficiency of accounting for the variation in air speed. Unlike the 

case of the single parameter variation, calculating the DED of Eqs. (26) and (27) requires 

knowledge of 𝑸(𝑘1) and 
𝜕𝑸

𝜕𝑉
(𝑉0) which cannot be deduced solely from measuring the aircraft 

responses. As will be seen in the results, however, the flutter prediction based on the variation in 

dynamic pressure and hence the manipulation of the single parameter 𝜅 alone yields an excellent 

match with the true flutter solution. Therefore, for all practical purposes and considering the 

complexity of introducing the second parameter 𝑙, the two parameters flutter prediction formulated 

in this section will be taken as a supplement to the original single parameter formulation and all 

subsequent calculations will be based on the variation of the 𝜅 parameter. 

 

6. FLUTTER PREDICTION WITH A GUST EXCITATION  

 

Ref. [5] discusses how, using the virtual control inputs (VCI) technique, the original DED can 

be modified to cope with cases in which more responses are available than inputs. In practice, only 

a few control inputs would be available during flight test. Normally, control surfaces – aileron, 

flap, rudder, elevator – or a gust excitation are used to excite the airplane externally, and this 

number is much smaller than the number of sensors installed on the aircraft. The new flutter 

prediction methodology requires an equal number of inputs and outputs and hence the VCI will 

provide the artificial extra inputs necessary for this requirement. See the Ref. [5] for details. 

 In this study, we are particularly interested in using frequency responses of the aircraft subject 

to a gust input. The aeroelastic equation of motion can be written, 

 

       𝑴𝒒̈ + 𝑪𝒒̇ + 𝑲𝒒 − 𝑞𝐷𝑸(𝑘)𝒒 = 𝑞𝐷𝑸𝑔(𝑘)𝛼𝑔    (𝑁 × 1)                        (32) 

 

where 𝛼𝑔 is the incremental angle of attack caused by the vertical gust and 𝑸𝑔(𝑘) is the unsteady 

gust aerodynamics in the modal coordinates. Since the gust represents a single excitation, given N 

structural coordinates or O sensor outputs we need (N-1) or (O-1) extra excitations and they will 

be generated by the VCIs. 

 

7. NUMERICAL EXAMPLE OF SIMULATED FFT: F-16 WING IN TRANSONIC 

FLOW 

 

The proposed scheme is applied to the F-16 wing model with two main structural modes in bending 

and torsion. The aerodynamic modeling that accounts for compressibility as well as viscosity is 

done using a Reynolds Averaged Navier-Stokes solver developed at Duke University, while the 

structural modeling is done with FEM (Finite Element Model). The natural frequencies of the two 

modes are 8.167878 and 8.671919 Hz. The frequency responses of the structural modes are 

computed by executing the coupled CFD-CSD solver. Fig. 3 shows the computational grids 

generated to model the unsteady transonic flow around the wing. For theoretical and computational 

backgrounds of the algorithms and computer codes, see Ref. [7-11]. The gust input is simplified 



to be uniformly distributed over the wing. Thus, any time delay effects between different sections 

of the wing are ignored. This is a good approximation for the wing with a short chord relative to 

the characteristic gust length. As stated above, we will use the vertical gust as our mean to excite 

the wing. Hence, to have the (2 × 2)  transfer function matrix it is necessary to add one extra 

column of the frequency responses by the VCI method mentioned above. Only the single parameter 

flutter prediction based on Eq. (15) is performed to calculate the onset of flutter. 

 

          a)                    b) 

 

Fig. 3 CFD grids of F-16 wing in transonic flow: a) surface grid, b) symmetry plane grid 

 

The exact matched point flutter solution of the wing for Mach=.85 is known as: 

 

Flutter altitude (ft) =  −2112.1394  

Flutter dynamic pressure (slugs/ft-sec2) = 1.1545e + 03  

Flutter frequency (Hz) = 8.43  

Flutter mode: (1st torsion/1st bending) =  (1.2784 −  j 5.3954) (j ≡ √−1) 

 

Fig. 4 and 5 show the frequency responses of the bending and torsion modes due to the gust at 

5,000 ft at Mach=.85. Total of 15 sampling points were placed in (8, 9) 𝐻𝑧 with six of them in 
(8.4, 8.5) 𝐻𝑧 to capture the critical torsion mode accurately. Fig. 6 is Nyquist diagram of 𝑑𝑒𝑡[𝑰𝑁 −
𝜅𝑓𝚲𝑁(𝜔)] using data obtained at two altitudes, h0 =5,000 ft and h1 =4,000 ft. To achieve a higher 

resolution, the 15 samples were splined up to 200 points in the same range. The two sets of the 

frequency responses were used to calculate the dynamic eigenmodes and eigenvalues and then  𝜅 

value was increased to 𝜅𝑓 until the Nyquist plot touched the origin.  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4 Frequency response of bending mode due to a uniform gust input @ h=5,000 ft. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5 Frequency response of torsion mode due to a uniform gust input @ h=5,000 ft. 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6 Nyquist diagram based on the gust freq. responses at h=5,000 ft and 4,000 ft. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7 Nyquist diagram based on the (2 × 2)  AE EQM at h=10,000 ft and 8,000 ft. 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8 Nyquist diagram based on the (2 × 2)  AE EQM at h=5,000 ft and 4,000 ft. 

 

The flutter solution found is summarized as:   

 

Flutter dynamic pressure (slugs/ft-sec2) = 1.1039e + 03  
% Error in 𝑞𝑓= – 4.39%   

Flutter frequency (Hz) = 8.44  

Flutter mode: (1st torsion/1st bending) = (1.0392 − j 5.4740)  

  

The error in predicting the critical dynamic pressure is therefore –4.39%, and the identified flutter 

mode is very close to the exact solution. The next two plots, Figs. 7 and 8 are Nyquist diagrams 

obtained by executing the DE on the original (2 × 2)  aeroelastic equation of motion, rather than 

on the gust responses, at two sets of reference points, first at h0 =10,000, h1 =8,000 ft, and then 

h0 =5,000, h1 =4,000 ft. For these calculations, the original 15 raw data of the generalized 

aerodynamic matrices were splined to 1,000 points. The flutter solutions are,  

 

h0 =10,000, h1 =8000 ft: 

 

Flutter dynamic pressure (slugs/ft-sec2) = 1.1617e + 03   
% Error in 𝑞𝑓=.62% 

Flutter frequency (Hz) = 8.43  

Flutter mode: (1st torsion/1st bending) = (1.1476 −  j 5.3425) 

 



h0 =5,000, h1 =4,000 ft: 

 

Flutter dynamic pressure (slugs/ft-sec2) = 1.1605e + 03  
% Error in 𝑞𝑓=.52% 

Flutter frequency (Hz) = 8.43  

Flutter mode: (1st torsion/1st bending) = (1.1476 −  j 5.3425) 

 

As can be seen, the flutter solutions obtained based on the aeroelastic equation of motion are much 

closer to the exact solution. This is because, the full transfer function matrix was available without 

the need for VCI. More importantly, the aerodynamic data, unlike the aeroelastic responses, is 

smooth and hence using 15 samples yielded excellent fitting. It is, however, difficult to extract the 

(2 × 2) generalized aerodynamic matrix from the coupled aeroelastic simulation and for this 

reason the gust response is preferred for the practical purposes. To improve the flutter prediction 

based on the gust responses it would be necessary to increase the samples, particularly near the 

critical resonance frequency. It is seen that regardless of the altitudes at which the data was taken, 

the method yields essentially the same flutter solutions.  

 

8. CONCLUSIONS 

 

Aircraft flutter has been conducted using the latest flutter prediction method derived based on 

the Dynamic Eigen Decomposition (DED) technique and coupled CFD-CSD simulations of F-16 

wing subject to a uniform vertical gust in a transonic regime. Previously, it was shown that when 

the perturbed aeroelastic equation of motion is decomposed into the Dynamic Eigenmodes (DE) 

at a given dynamic pressure, the critical flutter can be predicted by linearly extrapolating the 

corresponding dynamic eigenvalues in the frequency domain. Furthermore, the flutter mode was 

identified as one of the DEs and this led to the conclusion that flutter mode is really an intrinsic 

property of the aeroelastic system obtainable at any dynamic pressure. In this study, the basic DED 

formulation was extended to include possible variations in speed of sound as well as in air density, 

although it is recognized that the air speed changes only ±7.5%  from its mean value in the 

atmosphere and its influence on flutter is even smaller. It was shown analytically that if the two 

parameter variations are allowed the flutter mode will be a superposition of two groups of DEs, 

𝑽1(𝜔𝑓) for the dynamic pressure variation and 𝑽2(𝜔𝑓) for the air speed variation, implying that 

the flutter mode can still be regarded as an intrinsic property of the aeroelastic system in the 

broader sense. For the numerical simulations, aeroelastic responses due to a vertical gust input 

were calculated at pairs of altitudes. The full aeroelastic equations of motion were also used by 

extracting the generalized aerodynamic matrices. It was shown that in both types of the 

simulations, when the calculations are done using the single parameter, dynamic pressure, the 

predicted flutter solutions are very close to the known exact solution with 4.4% and .6% errors in 

the critical dynamic pressure values, respectively. However, there might exist certain combinations 

of aircraft configurations and flight conditions for which the additional variation in air speed could 

influence flutter significantly and for that it will be necessary to investigate a wide range of flight 

scenarios using the newly derived formulation. This will be a topic worth exploring in a near future. 

Lastly, more investigations are recommended using full aircraft simulations and real FFT data. 
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