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Abstract  

Beyond the flight Mach number 7, the scramjet, with supersonic combustion, shows higher 
performances than the ramjet, with subsonic combustion, due to the substantial pressure losses, 

chemical dissociation effects, and high thermomechanical stresses. The dual-mode scramjet would be 
a solution to hold optimal performances over an extensive range of flight Mach numbers. The use of a 

divergent nozzle choked flow through a thermal throat, generated by heat combustion, turns out to be 

an elegant approach to switch from subsonic to supersonic combustion processes, avoiding mechanical 
constraints and complex systems. Furthermore, compared with conventional ramjet, this approach 

increases the allowable mass flow rate through the engine, increasing the thrust. However, to design 
such a combustion chamber configuration, the flow and performances require to be modeled according 

to the characteristics of the combustion, the turbulence, and the significant variations of the thermos-

physical properties. The present work aims to develop a quasi-one-dimensional steady model of a 
thermally choked nozzle flow (TCNF) to improve the quasi-one-dimensional model of a dual-mode 

scramjet and to predict the performances. Three approaches are assessed according to assumptions 
on thermos-physical properties, the friction effects, and the aerothermal flow. Numerical simulations, 

computed with CEDRE, the ONERA CFD software, will be carried out to validate the obtained results in 

the quasi-one-dimensional model. The impact of mass flow rate and equivalence ratio is studied. The 
turbulent boundary layer impact, via friction, on the thermal throat position is also regarded. 

Keywords: Thermal throat, Dual-mode scramjet, Aerothermal flow, turbulence, Performance 
assessment 

Nomenclature 

A – Cross Section area (m2) 
Cp – Heat capacity (J/kg/K) 

Cf – Friction coefficient  
Dh – Hydraulic diameter (m) 

h – Divergent nozzle height (m) 
H – Enthalpy (J/kg) 

L – Divergent nozzle length (m) 

M – Mach number 
�̇�  – Mass flow rate (kg/s) 

q – Energy added to the flow (kJ/kg) 

r – Specific gas constant (J/kg/K) 
R – Reduced mass flow rate 

T – Temperature (K) 
W – Molar mass (kg/mol) 

�̇�𝑇 – Reaction rate (W/m3) 

 x – Axial coordinate (m) 
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Greek 
𝛾  – Adiabatic coefficient 

𝜙  – Equivalence ratio 

𝜔  – Scalar turbulent dissipation (s-1) 

 

Subscripts 

e – exterior (core flow) 
i – inlet 

t – stagnation condition 
tht – thermal throat condition 
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1. Introduction 

The dual-mode ramjet configuration using a divergent thermally choked nozzle flow turns out to be an 
elegant approach to switch from subsonic to supersonic combustion processes, avoiding mechanical 

constraints and complex systems. Compared with conventional ramjet, this approach increases the 
allowable mass flow rate through the engine, increasing the thrust. However, the dual-mode ramjet 

design requires an efficient quasi-one-dimensional combustion chamber model to assess the 
performances because of the strong flow dependence on the heat release distribution. Numerous quasi-

one-dimensional models have been developed, particularly in the last decades [1-4]. O’Brian et al. [5] 

have given the basis of the finite rate chemistry-based model coupled with the quasi-one-dimensional 
inviscid model of Shapiro [6]. The focus on finite rate chemistry comes from the fact that complex 

chemistry can also have a direct effect on thrust [1]. In contrast, Birzen & Doolan [7] have proposed a 
quasi-one-dimensional model with combustion based on mixing-limited rather than chemistry 

combustion models. According to the authors, this approach is justified when the model is compared 

with experimental results. Torrez et al. [1], developed a quasi-one-dimensional model, derived from 
O’Brien ODEs, to investigate the shock and dissociation effects in scramjet engines. The investigators 

included precombustion shock, fuel mixing, and finite rate chemistry models. The model can solve for 
both subsonic and supersonic flows [8]. Ispir et al. [9], to develop a robust DMR model for nose-to-tail 

simulations, uses the same formulation. Torrez et al. [2,3,4] then improved the model by considering 

finite-rate chemistry via the Stationary Laminar Flamelet Model (SLFM). This approach uses a flamelet 
solution based on an assumed PDF model for each parameter. The probability distribution function 

(PDF) approach includes the effects of different strain fields, species and momentum diffusions, and 
turbulence, as the duct velocity and fuel jet velocity change. The PDF-based chemistry is tabulated [8]. 

To avoid difficulties in solving the sound speed, the problem is formulated according to velocity instead 
of the Mach number approach, giving an easier set of equations [10]. This model has been integrated 

into a scramjet engine model called MASIV [2], developed by the University of Michigan, to predict the 

thermal throat position and the performances [10].  
Zhang et al. [11] have developed a quasi-one-dimensional model by coupling the equations of 

O’Brien et al. [5] with a regenerative cooling model to study the heat transfer behavior through the 
cooled scramjet chamber wall. Çakir et al. [12], to assess the performance of intakes for high-speed 

propulsion systems, use the formulation of Zhang et al. [11] even though the cooling model is not 

considered. For TBCC application, Connolly et al. [13] have developed a one-dimensional model in NPSS 
based on the approach of Smart [14], using a rearranged form of Shapiro’s isentropic equations, 

approximations of the mixing and the combustion heat release of Heiser & Pratt [15], and a simple wall 
heat flux model. Owing to the structure of NPSS, the model can interface with a cooling system. To 

rebuild some quantity features of the flow from experimental measurements, Li et al. [16] developed a 
1D analysis method based on the classical ODEs for diabatic flow through variable cross sections, 

rearranged to deduce the Mach number and stagnation temperature from pressure measurements and 

the geometry. The friction coefficient is however set. Seleznev et al. [17] have proposed to compare a 
quasi-one-dimensional, derived from O’Brien et al. [5] and Birzer et al. [7] approaches, and a two-

dimensional model to highlight the element of the flow field structure not predicted by the quasi-1D 
model. Tian et al. [18] developed a quasi-one-dimensional method with a new model for precombustion 

shock trains for simulating the different modes in the dual-mode scramjet flowfield. The release of 

energy is obtained from a fuel-mixing model or an imposed heat release distribution estimated from 
experimental results. However, no explicit formulation of species mass fraction is given. According to 

Torrez et al. [10], the derivatives of gas properties are small compared with the Mach number space 
derivative. Hence, the effects of variations of thermos-physical properties are not taken into account. 

However, no quantitative evidence has been shown or reported. 

In the present study, a quasi-one-steady steady model for a thermally choked nozzle flow (TCNF) is 
developed to predict the potential performances of a low-Mach dual-mode scramjet engine and to 

distinguish the associated contribution of considered physical phenomena involved in a TCNF. An 
auxiliary function is introduced to avoid the singularity at M =1 to solve the Mach number-based 

equation of Shapiro [6] with first-order schemes. Several approaches are assessed according to 
assumptions on thermos-physical properties, the friction effects, and the aerothermal flow. The 

objective is to measure the improvement of the performances and flow features compared with a more 

complex approach and to find an efficient compromise. Numerical simulations, computed with CEDRE, 
the ONERA CFD software, will be carried out to validate the obtained results with the quasi-one-
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dimensional model. The impact of mass flow rate and equivalence ratio is studied. First, the 
methodology is explained and the case of the study is presented. The models and their methods and 

assumptions are exposed. Then, the models are compared with each other and the numerical 
simulations. 

2. Methodology 

A quasi-one-dimensional steady model of a thermally choked nozzle flow is proposed. To catch the 
contribution of the temperature and species variations of thermos-physical properties of the fluid and 

the effects of friction on the TCNF, a validation process must be carried out by comparing the results 
of the quasi-one-dimensional model with a more realistic approach, such as CFD simulations. For 

simplicity, only 2D simulations are considered. Because of the complexity of a real turbulent flame in 

terms of modeling, in this study, the quasi-one-dimensional model uses directly the heat release profile 
obtained in the CFD simulations. Future studies will consider combustion modeling to improve the 

current approach.  
 

The reference case considers the conditions described in Table 1, representative of the conditions found 
in a low-Mach dual-mode scramjet, before the combustion process. With these conditions, the Mach 

number at the inlet varies but covers the highly compressible subsonic regime. 

Table 1: Reference case. 

�̇�𝒊𝒏 (kg/s) Tt (K) 𝝓 

10 600.7 1.0 

 

The equivalence ratio and the mass flow rate are the design parameters used to validate the quasi-1D 

models. The associated ranges are respectively 0.6, 0.8, 1, 1.2, and 5, 10, 20, 30 kg/s.  

Three models based on the equations derived by Shapiro [6] are compared: 

 Model M1: Mach number evaluation with constant adiabatic coefficient and heat capacity. This 

model needs to set the values of these two thermos-physical properties. In this study, the initial 

and critical conditions are used to assess the improvement by resetting these properties; 

 Model M2: Mach number evaluation with temperature dependence of heat capacity and a fixed 

composition. The purpose is to assess the improvement of considering temperature 
dependence on the performance prediction. In this study, two formulations of the same 

equation of Shapiro have been considered and compared with each other for the thermal 

position detection and resolution; 

 Model M3: Mach number evaluation with dependence on temperature and species composition 

of heat capacity and adiabatic coefficient. The proposed model in this model is not complete 

because the purpose is only to observe the deviation of performances when considering the 

variations of thermos-physical properties with the composition of the fluid. 

The effect of friction is also considered to assess its effects on defining the TCNF. Then, a model based 

on these observations is proposed.  

3. Numerical simulation model 

3.1. Numerical reference case 

To validate the quasi-one-dimensional model for thermally choked flow in a divergent nozzle, 2D 

dimensional CFD calculations are carried out with the ONERA’s multiphysics platform, CEDRE. The 
geometry is a divergent duct with an angle of aperture equal to 1.5° (Fig. 1). The 2D-dimensional flow 

evolves in an x-y plane with an invariance according to the z-axis. The inlet height is 70 mm and the 

length is 1 m. The calculations are performed only in half of the geometry due to the nozzle’s plane of 

symmetry. 

To generate the most uniform possible heat release, premixed combustion is considered. Hence, a 
premixed flow corresponding to a given equivalence ratio is injected into the nozzle inlet. To hold the 
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flame, six flame-holder bases, regularly placed very close to the inlet, are designed with a thickness of 
5 mm each. This injection system enables fostering a more uniform heat release, ensuring the 

comparison with quasi-one-dimensional model calculations. However, even though the heat release is 
conveniently set, the flow features a complex configuration with recirculation regions until 50 mm from 

the inlet. 

 

 

In 3D configuration, the injection system is much less cumbersome than in 2D configuration where 

depth invariance does not allow more convenient geometry. Future studies will consider 3D 

configurations to attenuate the effects of the injection system on the velocity fields. 

 

3.2. Numerical models and mesh 

The mesh is structured with 500000 cells obtained by mesh convergence. The wake regions and the 

boundary layer regions are refined to catch the turbulence effects (Fig. 2).  

 

Figure 2: 2D structured mesh of the divergent duct. 

The flow is multi-species in the gaseous phase. The spatial integration is performed with 2nd order 
centered schemes. As only steady solutions are considered, the temporal integration is realized with an 

implicit 1st order scheme with the local time steps. The convergence of local time steps is checked after 

convergence. The reference time step is equal to 5.10-7 s. 

The turbulence is simulated with the RANS k-w SST approach. The minimal cell size is 1.9 10-6 m to 
reach the condition y+ = 1. At the inlet, the turbulence intensity is set at 5 %, typical for intern flows, 

and the characteristic length is chosen equal to 10% of the initial height. The heat release is obtained 

by the premixed combustion of Decane with the air. The combustion is modeled with the “Relaxation 
to Equilibrium” model, which considers the local thermochemical equilibrium in the flow to compute the 

species production rates. This model depends also on a constant set to 1 and the turbulent frequency 

is written as: 

𝑓𝑡 =  𝐶𝜇𝜔   𝑤𝑖𝑡ℎ 𝐶𝜇 = 0.09   (1) 

6 species are considered: C10H22, O2, N2, CO, CO2 and H2O. The choice of this model is due to 

simplicity to obtain reasonable results with the effects of turbulence on the flame.  

The flow is first computed in frozen conditions before activating the combustion model. During this first 
step, the static pressure is imposed at the outlet. When the flow reaches substantially the supersonic 

regime, a supersonic outlet is then applied. At the inlet, the mass flux is imposed with the stagnation 

temperature. Hence, the inlet pressure and Mach number values vary according to the simulated case. 

Figure 1: Geometry of the divergent duct. 
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4. Quasi-1D models 

4.1. Quasi 1D equations and thermal throat definition 

The model for the core flow is based on the Mach number equation established by Shapiro [1] from 

the generalized one-dimensional flow equations by considering the effects of divergent duct, the heat 

addition due to combustion and the friction of flow on the duct wall. 

 

1

𝑀

𝑑𝑀

𝑑𝑥
= −

(1+
𝛾−1

2
𝑀2)

1−𝑀2 (
1

𝐴

𝑑𝐴

𝑑𝑥
−

2𝛾𝑀2𝐶𝑓

𝐷ℎ
−

(1+𝛾𝑀2)

2(1+
𝛾−1

2
𝑀2)

(
1

𝐶𝑝𝑇

𝑑𝑞

𝑑𝑥
−

1

𝑊

𝑑𝑊

𝑑𝑥
)) −

1

2𝛾

𝑑𝛾

𝑑𝑥
   (2) 

The hydraulic diameter 𝐷ℎ is obtained as twice of the height of the cross section, considering the wetted 

surface located only the upper and the lower surfaces as plane geometry is assumed with a z-axis 

invariance. The friction coefficient is determined by using the correlation of De Chant et al. [19], 

developed for compressible flow, assuming smooth walls (k+ = 0).  

As observed by Shapiro [6], Eq. 2 shows a singularity when the flow reaches the sonic speed. Zierep 

[20] noted that, in the case of Euler flows (Cf = 0) with a constant adiabatic coefficient, Eq. 3 must be 

verified when M = 1, to avoid unphysical solution: 

1

𝐴

𝑑𝐴

𝑑𝑥
=

1

𝐶𝑝𝑇

𝑑𝑞

𝑑𝑥
 𝑎𝑡 𝑀 = 1   (3) 

When the flow is initially subsonic, the heat addition must be large enough compared to the divergent 
duct aperture to increase the Mach number until reaching M = 1 where the heat decrease meets the 

effects of the divergent duct. Then, the effects of heat addition, become marginal compared with the 

duct aperture, and the Mach number goes on increasing because of the supersonic flow in a divergent 
duct. This sonic point, ensuring a continuous solution of Eq. 2 is called thermal throat.  

 
To solve Eq. 2, Shapiro [1] has proposed a method to determine the Mach number gradient at the 

critical point by using the l’Hôpital rule. Heiser & Pratt [15] have designed an approach consisting of 

identifying the singularity with the use of L’hôpital’s rule, then integrating backward from the calculated 
thermal throat position to the inlet. Torrez et al. [10] replaced this approach with a shooting method, 

attempting to concur with the inlet Mach number to avoid physical inconsistencies of ODEs at M = 1, 
where the singularity appears. This method is particularly suited when the heat released by the 

combustion is not specified initially. Contrary to O’Brien-based approaches using the velocity approach, 

the Mach number-based models require, to ensure stability, the use of a second-order Runge Kutta 
formulation, near singularities such as the sonic point [13]. 

 
In the present study, a similar method of Heiser & Pratt [15] is used. Eq. 2 is reformulated by 

introducing an auxiliary function to avoid the singularity term. This approach eases the resolution of 
the problem with a simple 1st order Euler method. According to assumptions made on the properties of 

the flow, the auxiliary function would be different, adapted to the treated case. 

 

4.2. Model with constant adiabatic coefficient 

In the case of a constant adiabatic coefficient, Eq. 2 can be rewritten as: 

𝑑𝜙(𝑀)
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with 

ϕ(M) = ln (
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)   (5) 
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The auxiliary function, in this case, has a physical meaning, describing a logarithmic variation of the 

reduced mass flow compared with the critical state: 

ϕ(M) = −𝑙𝑛 (
𝑅(𝑀)

𝑅𝑡ℎ
) , 𝑤𝑖𝑡ℎ 𝑅(𝑀) =

�̇�√𝑇𝑡

𝑃𝑡𝐴
= √

𝛾

𝑟

𝑀

(1+
γ−1

2
M2)

γ+1
2(γ−1)

   (6) 

 

In a particular case, assuming an isentropic flow, the classical formula describing the evolution of Mach 

number in a convergent/divergent duct with a choked geometrical throat is naturally obtained [6]. 

4.3. Resolution methodology 

Eq. 4 shows no singularity. Furthermore, the auxiliary function displays a minimal value equal to zero 

at M = 1. Besides, Eq. 4 turns out to possess a minimal value as well in the case of the thermal throat 

formation. Hence, the necessary and sufficient condition to reach the thermal throat is: 

𝑖𝑓 
𝑑𝑞

𝑑𝑥
(𝑥𝑡ℎ𝑡) ≠ 0 𝑎𝑛𝑑 𝑀𝑖𝑛𝑙𝑒𝑡 < 1, 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑡ℎ𝑟𝑜𝑎𝑡 𝑎𝑡 𝑥𝑡ℎ𝑡  ⇔ {

𝑑𝜙

𝑑𝑥
(𝑥𝑡ℎ𝑡) = 0

𝜙(𝑥𝑡ℎ𝑡) = 0
 (7) 

In the present study, the reaction rate obtained by CFD computation is transformed on a so-called heat 

addition for the quasi-one-dimensional models. Hence, to solve Eq. 3, the thermal throat position is 
firstly determined with the knowledge of the heat amount added to the flow and the geometry 

variations. Depending on the critical state, only the properties implied in the terms of the equation at 
the thermal throat can be obtained by assuming the constant adiabatic coefficient and heat capacity of 

the flow. 

 
After determining the thermal throat position, the subsonic part of the Mach number variations are 

backwardly calculated from the thermal throat to the inlet with Eq. 3. Then, with the same approach, 
but forwardly, the Mach number of the supersonic part is also determined. At each iteration, the next 

step value of the auxiliary function is obtained from Eq. 4. With an inverse method and assuming the 
calculation location in the subsonic or the supersonic region of the flow, the Mach number is obtained. 

The static temperature, on which depends the terms of Eq. 4, is obtained from the stagnation 

temperature, which is altogether determined by the heat addition function imposed in the calculation: 
 

𝑇𝑡(𝑥) =  𝑇𝑡,𝑖 +
𝑞(𝑥)

𝐶𝑝
 𝑎𝑛𝑑 𝑇(𝑥) =

𝑇𝑡(𝑥)

(1+
𝑀(𝑥)2𝛾𝑟𝑇(𝑥)

𝐶𝑝
)
   (8) 

Hence, the Mach number and static temperature fields are completely determined. The other quantities 
are obtained from a given value of mass flow rate. This process was already employed by Olivon et al. 
[21].  

 

4.4. Model with temperature dependent adiabatic coefficient 

 When the adiabatic coefficient of the flow varies with the temperature, the auxiliary function (Eq. 5) 
cannot be used. Another function with similar properties is therefore proposed, based only on the Mach 

number: 
 

θ(M) =
1−𝑀2

2
+ 𝑙𝑛(𝑀)   (9) 

The equation to solve is thereby written as: 

𝑑𝜃(𝑀)
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2
𝑀2) (

1
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−
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𝐷ℎ
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(1+𝛾𝑀2)

2
(

1

𝐶𝑝𝑇

𝑑𝑞

𝑑𝑥
−

1

𝑊

𝑑𝑊

𝑑𝑥
) +

(𝑀2−1)

2𝛾

𝑑𝛾

𝑑𝑥
  (10) 

 
In the present case, the same resolution method can be used to solve Eq. 10. However, instead of 

considering a minimal value, a maximal value is reached at M = 1. The auxiliary function image is in 

the negative part of real numbers. At each step, a value of Mach number is obtained from the auxiliary 
function and the knowledge of the location of the flow regime. However, contrary to the last method, 
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the variations of the adiabatic coefficient are required to be assessed. With temperature dependence 
only, the variations are directly associated with the variations of temperature: 

 
1

𝛾

𝑑𝛾

𝑑𝑥
= −(γ(T) − 1)𝑇𝐾𝑇(𝑇) (

1

𝑇

𝑑𝑇

𝑑𝑥
)   𝑤𝑖𝑡ℎ 𝐾𝑇(𝑇) =

1

𝐶𝑝(𝑇)

𝑑𝐶𝑝

𝑑𝑇
(𝑇)   (11) 

 

Shapiro also has derived an equation describing the temperature variations which can be injected in 

Eq. 10: 

 

𝑑𝜃(𝑀)

𝑑𝑥
= − (1 +

𝛾(T) − 1

2
𝑀2(1 − (γ(T) − 1)𝑇𝐾𝑇(𝑇))) (

1

𝐴
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−

2𝛾(T)𝑀2𝐶𝑓

𝐷ℎ

) 
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(1+𝛾(T)𝑀2+(γ(T)−1)𝑇𝐾𝑇(𝑇)(1−γ(T) 𝑀2))

2𝐶𝑝(𝑇)𝑇

𝑑𝑞

𝑑𝑥
   (12) 

 

Hence, Eq. 11 is therefore used to obtain the Mach number variations. Instead of using the stagnation 
temperature, total enthalpy formulation is used to determine the static temperature with a fixed point 

method: 
 

𝐻𝑡(𝑥) =  𝐻𝑡,𝑖 + 𝑞(𝑥)  𝑎𝑛𝑑 𝑇(𝑥) ← 𝐻𝑡(𝑥) = 𝐻(𝑇) +
𝑀(𝑥)2𝛾(𝑇)𝑟𝑇

2
  (13) 

 

The mass fraction species is also taken into account in the calculation of static temperature since the 

enthalpy depends on this distribution. Nevertheless, this method is applied with constant or variated 
species distribution. 

5. Discussion results 

5.1. Heat release model from the numerical results 

From CFD calculations, the heat addition gradient is deduced from the heat released by the combustion 
of Decane/Air. Considering an elementary control volume of a steady flow between x and x+Δx, the 

heat addition gradient can be written as: 
 

∀𝑥 ∈ [0, 𝐿],
𝑑𝑞

𝑑𝑥
(x) =

�̂�𝑥+Δ𝑥−�̂�𝑥

Δ𝑥
=

1

�̇�
∫ �̇�𝑇(𝑥, 𝑦)𝑑𝑦

ℎ(𝑥)

2

−
ℎ(𝑥)

2

   (14) 

where �̂�𝑥  𝑎𝑛𝑑 �̂�𝑥+Δ𝑥   is the mass flow rate weighted average of the heat addition through the cross 

section, respectively at x and x+dx. Thus, the heat addition gradient profiles for each equivalence ratio 
value are shown in the Fig. 3.  

 
In contrast, the heat addition profiles are practically unchanged with the increase of the inlet mass flow 
rate at 𝜙 = 1. This invariance is related to the combustion model depending on the turbulent frequency 

and the density of the flow. The turbulent frequency is approximately proportional to the square root 
of the turbulent kinetic energy which can be seen as proportional to the mean flow velocity. Hence, the 

reaction rate becomes proportional to the mass flux of the flow. The heat addition gradient becomes 

therefore little affected by the mass flow rate. These profiles are then imposed in the quasi-one-
dimensional models to restitute the Mach number profiles.  
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5.2.  Quasi-one-dimensional models and CFD results comparison 

Fig. 4 shows the Mach number profiles calculated by the quasi-one-dimensional model and the CFD 
simulations for 10 kg/s and 𝜙 = 0.6. The trends are in good agreement with the simulation, even though 

model M1 underestimates the CFD data, whereas the model M2 overestimates it. Furthermore, the 
Mach number profiles seem shifted from the calculated values of the thermal throat position. 

Considering the comparison of model M2 with the CFD simulations, a backward difference of 1.6 % for 

the thermal throat position is directly correlated to the increase of 0.7 % for outlet Mach number. 

Besides, in the flame-holder zone, the Mach number variations are much more erroneous due to the 

recirculation zones where only an empirical model is employed to attempt to correct the slowing down 

effect from the reduced cross-section area to the large cross section area in the subsonic regime.  

 

The net thrust is underestimated by all quasi-one-dimensional models. Nevertheless, model M3 shows 
the closest predictions (~ 1 %) due to the consideration of the effects of species distribution and 

temperature on the thermos-physical properties (Fig. 5). Nevertheless, model M2 based on the CFD 
species distribution at the thermal throat displays similar differences whereas an underestimation of 4-

8 % is observed when using the inlet species distribution. For model M1, the thrust is underestimated 

by about 7 to 10 % when using the inlet species. However, this difference is reduced to 4-6 % with 
the thermal throat composition. Hence, using the local species distribution at the thermal throat 

improves significantly the prediction of the net thrust.  

The maximum net thrust is reached when the mixture is stoichiometric. This condition matches with 
the farthest position of the thermal throat from the inlet. The coefficient 𝛼 shows that almost 82 % of 

the net thrust is generated in the subsonic zone for CFD calculations and seems almost independent of 

Figure 3: Heat addition profile along the divergent duct based on the reaction rate of 2D 
CFD flow calculation. 

Figure 4: Mach number profile comparison between models and CFD for 10 kg/s 
and 𝝓 = 𝟎. 𝟔. 
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the equivalence ratio. Nevertheless, a slight decrease is observed at lean conditions, showing 
insufficient energy released to hold the contribution of the subsonic part of the flow. When the mixture 

is leaner, the decrease of energy released in the flow is sharper and less extended (Fig. 3), changing 

therefore the thermal throat position closer to the inlet. 

For the outlet pressure, all models display very close values between each other (Fig. 6). Nevertheless, 

the maximal underestimation is obtained with the model M2 using inlet species composition, estimated 
about 3 to 5 %. On another hand, for all models, the outlet Mach number differences are below 2 %, 

following the inverse trend as the thermal throat position. However, outlet static temperature displays 
discrepancies about 4-8 % for model M1, displaying the most underestimated net thrust values with 

model M2 using inlet species composition. For model M3, the calculated net thrust shows a good 
agreement with CFD simulations, explained by the fact that the outlet conditions are well reproduced. 

For the other cases, the impact of the outlet static pressure and temperature turn out significant, 

displaying underestimated net thrust. 

 

 

Fig. 6 shows an increase in net thrust whereas the outlet Mach number decreases when the lean mixture 
is closer to the stoichiometry. Two parameters lead to the net thrust of a TCNF: the outlet temperature 

and pressure. When enriching the lean mixture with fuel, the critical temperature at the thermal throat 

increases until reaching a maximal value at the stoichiometric point (Fig. 7). The reason is the direct 
relation between the critical temperature and the heat released in the subsonic part of the flow, due to 

the choking flow conditions at the thermal throat. 

Assuming a constant mass flow rate, the critical pressure and the cross-section area must increase to 

keep the critical conditions. In a divergent duct, the thermal throat goes therefore downstream and the 

critical pressure increases slightly, until reaching maximal values when the stoichiometric mixture is 
obtained. The downstream displacement of the thermal throat position reduces the distance between 

the sonic line (thermal throat) and the outlet. According to the observation of the Mach number profiles, 
the flow reaches a lower Mach number at the outlet. Nevertheless, this decrease is compensated by 

the increase in pressure and temperature at the outlet, as observed in Fig. 6. 

Figure 5: Net Thrust comparison between 
quasi-1D models and CFD, correlated with 

the thermal throat position, evolving with 
the equivalence ratio. 

Figure 6: Outlet pressure and Mach number 
variations, evolving with the equivalence 

ratio. 
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In contrast, the increase in mass flow rate at the inlet does not affect, apparently, the thermal throat 
position and thrust distribution coefficient 𝛼 (Fig. 8). The main reason is due to the insensitiveness of 

the heat addition gradient to the mass flow rate. The reaction rate displays a proportional behavior 

with the mass flow rate, leading to compensate for the mass flow rate dependence of advection terms 

to transport heat addition. Nevertheless, as expected, the net thrust increases proportionally with the 
mass flow rate. With a more realistic combustion model, such that uncoupling phenomena may not 

happen. A more detailed study is therefore needed to improve the trends related to the mass flow rate. 

As for the analysis of the effect of the equivalence ratio on performance, model M3 shows the best 

prediction of net thrust (Fig. 8 & Fig. 9), whereas the outlet pressure given by all models displays very 

close values with each other, showing a bias of underestimation with the CFD results. 

 
 

The Outlet Mach number shows very few variations when the mass flow rate increases due to the 

insensitiveness, in practice, of the thermal throat position. The Mach number profiles are strongly 
dependent on the heat addition gradient and the geometry. In the present case, the heat addition 

gradient is practically invariant with the mass flow rate due to the combustion model considering 

characteristic parameters of turbulence. Furthermore, the net thrust and the outlet pressure show a 
linear dependence on the mass flow rate, coherent with the definition of thrust and the conditions of 

the choked flow at the thermal throat.  

As the equivalence ratio (𝜙 = 1) is the same for all the displayed computations in Fig. 12, the critical 

temperature remains unchanged with an increasing mass flow rate.  

Figure 7: Variations of the critical conditions when increasing the equivalence ratio 

Figure 8: Net Thrust comparison between 

quasi-1D models and CFD, correlated 
with the thermal throat position when 

increasing the mass flow rate. 

Figure 9: Outlet pressure and Mach number 
variations when increasing the inlet mass 

flow rate. 
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Hence, the thermal throat position does not need to change. However, the change in mass flow rate 
implies a linear increase in the critical pressure. Thus, when increasing the mass flow rate, the pressure 

of the chamber increases but the Mach number field remains practically unchanged, depending mainly 

on the heat release gradient and the geometry of the divergent duct. 

When considering the temperature dependence of the thermos-physical properties, model M3 

underestimates the thermal throat position by about 1.7 %, whereas the M1 model with inlet species 
composition overestimates this value by about 2.3 %. The same trends are obtained with the critical 

temperature, highlighting the direct link with the thermal throat position via the cross-section area. 

 

5.3. Effects of friction: 

The friction on the wall is one of the main features of a viscous flow forming a boundary layer. For 
turbulent compressible flow found in a divergent duct with thermally choked flow, the friction drag is 

added in the equation of Zierep [2] at the thermal throat position. Hence, the friction drag has an 
impact on the thermal throat position, particularly on performances. Fig. 11 shows a comparison 

between the cases considering or not the friction in the equation of Shapiro [1].  

With the friction drag, the thermal throat moves downstream about 2 % for both M1 and M2 models. 

Nevertheless, as stated without the friction effects, model M1, considering constant adiabatic coefficient 

displays a better agreement with the thermal throat position obtained by CFD simulations, except for 
the rich mixture. However, this approach must be used carefully due to the risk of compensating errors.  

With the friction drag term, the model M1 underestimates about 2 % of differences with the CFD 
simulations results for the thermal throat whereas the model M2 displays an averaged underestimation 
of 4 %. However, for the net thrust and the 𝛼 coefficient, models M1 and M2 display very close 

differences compared with CFD results. Furthermore, the consideration of the friction term leads to 
reducing the differences of 𝛼 coefficient, describing the thrust contribution of the subsonic part, from 

4-5 % to 1-1.8 %. The same trend is also observed when increasing the mass flow rate (Fig. 12). 

Hence, the friction term contributes significantly to the accuracy of the quasi-one-dimensional models 

whatever the assumptions made on thermos-physical properties. Nevertheless, even though the 
consideration of friction improves results, the thermal throat and performance quantities remain 

underestimated. The addition of species distribution variation terms would improve the model as 

observed in the previous section. 

Figure 10 Variations of the critical conditions when increasing the inlet mass flow rate 
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6. Conclusion 

A quasi-one-dimensional model for TCNF is developed to predict the potential performances of a dual-

mode scramjet engine and to distinguish the associated contribution of considered physical phenomena 
involved in a TCNF. Three models based on the equations derived by Shapiro [1] are compared. The 

effect of friction is also considered to assess the impact on the parameters defining the TCNF. CFD 
simulations are carried out to validate the quasi-one-dimensional models.  

The Mach number profiles show that a change in the thermal throat position shifts the Mach number 
profile, showing very similar trends between quasi-one-dimensional models. Furthermore, the Mach 

number variations are practically insensitive to the mass flow rate because of the invariance of the heat 

addition gradient in CFD simulations, probably caused by the turbulent combustion model. Future 
studies with kinetic mechanisms will be carried out to confirm the presented observations. The 

equivalence ratio plays an essential role in TCNF for predicting performance. When increasing the 
equivalence ratio for a lean mixture, the critical temperature at the thermal throat increases. Assuming 

a constant mass flow rate, the choked flow conditions imply the increase of the cross-section area and 

the critical pressure. In a divergent nozzle, these conditions lead to moving the thermal throat position 
downstream. The thrust increases because of the increase of the outlet temperature and pressure, 

even though the outlet Mach number decreases due to the closeness of the thermal throat to the exit. 
The model M3 displays the best prediction in net thrust and thermal throat position due to the good 

agreement of outlet conditions with the CFD results. However, the critical conditions are not following 
the same trend. Furthermore, the dependence on species is strong to obtain those results. The model 

M3 requires complementary analysis with other test cases to assess the robustness of the approach. 

Nevertheless, the model M1 with inlet species composition displays critical conditions surprisingly better 
reproduced. The differences in Mach number and thermodynamic conditions are more important close 

to the inlet due to the complex flow evolving downstream of the flame-holders. Besides, the friction 
coefficient provides a significant contribution to the thermal throat location.  

However, complementary analysis is required to extend the methodology to other geometries (angle 

of aperture) and to be able to integrate a fully multi-species method with finite rate chemistry for 
prediction performances of the TCNF. In the future, 3D simulations for the reference case will be 

considered to reduce the impact of injection and flame-holder systems on the flow and to obtain more 
physical data. 
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